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PEEFACE, 



My time for some years was so much occupied by 
administrative duties in Trinity College that I was unable 
to make any attempt to carry out the intentions stated 
above fourteen years ago in the Preface to the first volume 
of this treatise. 

I have now to some extent accomplished what I then 
proposed- I came, however, to the conclusion that a 
chapter on Conjugate Functions was not suited for such 
a treatise as the present, and that to a student having a 
limited amount of time at his disposal some account of 
Maxwell's Theory of Light would be more interesting and 
insti-uctive. This theory ia not of course part of the 
Theory of Attraction, but is so intimately connected with 
the properties of magnetized bodies, electric ourreuts, and 
dielectrics treated of in the present volume that its 
introduction does not seem unsuitable. 

I should recommend a student reading this book for 
the first time to omit the whole of Chapter VIII after 
Article 146. 
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vi Preface. 

Of the more recent developments of the eleotro- 
maguetic theory of light I have not attempted to give 
any account. So far as I can judge some of these rest 
on insecure foundations. I imagine, however, that before 
aiudjdng the most recent investigations a preliminary 
knowledge of Maxwell's theory is required, aud I trust, 
therefore, that my chapter on the Bubjeot will not be 
entirely useless to the student. 

I have to thank Mr. S. B. Kelleher, r/r.c.D., for his 
kindness in reading the proof-sheets of this book, and 
furnisliing me with many valuable corrections. 



FllANClS A. TAELETON. 



Trinity Colleoe, i 
April, 1913. 
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MATHEMATICAL THEOEY OF ATTRACTION. 

CHAPTEB VIII. 

SPHERICAL AND ELLlPSniDAI, HARMONICS. 

Section I. — Sphei-ical Surfaces. 

137- Expansion of Potential in liberies of Solid 

Harmonics. — It was shown in Art, 78 that the potential V 
at a point P, more distant than any point in the attracting 
mass from the origin, can be expanded in a series of 
deaoending powers of r, wliere r denotes the distance of P 
from the origin. 

In this case, the series for the potential is of the form 

r r"" 

where M denotes the attracting mass, and Yi, Yi, &c., are 
functions of & and rji, the angular coordinates of P, and of 
constants depending on the attracting mass, but independent 
of the position of P. 

Since V F = for all positions of P outside M, the 
coefBoient of each power ol rinVV must vanish separately, 
and therefore 

I, equation (17), Art. 48, 

■-^ + „(,. + i)y„.o. (1) 



Using for V^ 
we obtain 


the expressiou 


give 


^(-^ 




1 
I-/ 
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2 Spherical and Ellipsoidal Harmonics. 

If F be a function of 9, and ^ satisfying (1), it is easily 
seen that V'(»^F) = 0; accordingly, if V„ = r"Yn, we have 
V V„ = 0, and Vn is a homogeneous function of x, y, % of the 
degree n satii<fying Laplace's equation. Suoh a function is 
called a spherical solid harmonic of the degree n. 

It appears from wliat has been said that if F„ denote a 
solid harmonic of the degree n, then »■-('"'■') Fn is also a solid 
harmonic whose degree is - {n +1). 
V„ 

The function - — is termed a spherical siirface harmonic of 
»-" 
the degree n, and is what has been denoted above by Y„. 

In the present case, by considering the expression from 

Vn 
whose expansion -^^^ was obtained, it is easy to see that Vn 

is a rational and integral function of x, y, z. In what follows, 
V„ will be termed a solid, and Y„ a spherical harmonic, 

138. Laitlaee's and Iicgendre's Coefficients. — If 

the attracting muss be concentrated at a point Q whose polar 
coordinates are /, 9", <p', and whose distance from any point P 
is r, we have 

where X = /j/j.' + ■^/l - /r v^l - n'" cos (^ - ^'). 

In this case, if F be farlher than Q from the origin, 

V = Msu ~ ; 

and if P be nearer the origin, 

F = M-2L. -^^ • 

The ooefBcients L,, Li, &c., in the development of r"' are 

called Laplace's Coeffi,cients. They are obviously spherical 

harmonics of a particular kind. They may be defined as 

the eoejicients of the successive powers of h in the expansion of 

(I - 2U + li'yi. 

These coefiBoients are plainly symmetrical with respect to 
the angular coordinates of P and Q. 
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Properiien of Complete Splievical Sarmonics. 'A 

If the point Q be on the axis from which B is counted, 
\ = ju, and Laplace's coefficients become ihe coefficients of ttte 
sueeessim powers of Ii in the deeelopment of 

(1 - 2^A + /;')"*■ 

In this case, these coefficients are functions of n solely, 



and are called Legeyidre' s Coefficients. They are 
denoted by P., P^, &e. 

It is plain that P„ satisfies the equation 

= 0. 



sualiy 



(2) 

In general, a spherical harmonic of the degree h, which 
is a function of fi solely, satisfies (2), and is called a zonal 
harmonie. 

139. Properties of Complete Spherical Har- 
monics. — A spherical harmonic which when expressed as 
a function of the coordinates is finite and single-mlued for all 
points of space, is said to be complete. If F„ and ¥„ be 
complete spherical harmonics of different degrees, 



This may ] 
137 that 



) proved as follows; — It appears from Art. 



satisfy Laplace's equation ; and by (5), Art. 58, if we tab 
as the field of integration the space outside a sphere S o 
radius a described round the origin as centre, we have 

Hence 

^L±i \{ r... F„ ,/^ rf$ = ^ [f ^'" ^^ "> '^*. 

and therefore, unless m = n, equation (3) must hold good. 
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4 Spherical and Ellipsoidal Harmonics. 

If P,i be a complete Bpherioal harmonio of the d 
and Ln a Laplaciaii coefEoient of the same degree, 



n: 



L,^Y,.d^d<p = ^'^^ r„. (4) 



To prove this, take as the iield of integration the space 
outside a sphere S whose centre is at the origin, and whose 
radius a is less than r, the distance oE the point Q from the 
origin, and let r denote the distance of any point from Q ; 

Y 
then the function -^-^ satisfies Laplace's equation, and therefore 

hy (10), Art. 59, we have 

Y'„ f« + l F„ ,_, 



\^m)^ 



at all points for which r < /■', whence at the surface S we 
have 

also dS = {I'd/idip, and 

unless m = n. Hence we obtain 

-^AlL^Yndud^ - 4f ti = ^ '-^ \\L»Y»(lftd<i>, 

from which equation (4) follows by transposition. 

If two series of spherical harmonics are equal for all 
values of fi and f, each harmonic of one series is equal to 
the liarraonic of the other series whose degree is tlie same. 

Here 

Y,+ Y^+ Y, + &Q. = Z,+ Z, + Z, ^ &G. 
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Properiies of Complete Spherical Harmonies. 5 

If each side of this equation be multiplied by L„ and 
integrated, since 



by (4) we obtain 

and as this equation holds good for all values of /x' and p', 
we get r„ = Z,,. 

Any function of « and <ji which is finite and single-valued 
can be expanded in a series of spherical harmonics. 

The method of arriving at this result is sug-gested hy 
what has been already proved. If it be possible to express 
/(f-Kp) in the form SF,,, we must have 

Wip^'i-') = 47r2 Y'„ = S (2« + 1) P r Ln r„ dn d<p 

Now (I - 2XA + h'yi = S£„ k" ; 

whence, differentiating and multiplying by 2h, we have 

(I - 2\h + h')i 
then by addition to the former equation we get 

Accordingly, if the supposed expansion be possible, we must, 
when A = 1, have 

"'■^'''>''-n/''"^' (i-m'i-)s "'"'<'■ "" 

and conversely, il this equation be true, the expansion is 
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6 Spherical and Ellipsoidal Harmonics. 

That equation (ti) is true can be shown in the following 
manner : — 

Let Q be a point outside a sphere S whose centre is the 
origin and whose radius is a, and let r denote the distance of 
any point on 8 from Q. Then 

r' = a' + }•'' - 'i\ar', 
where / denotes the distance of Q. from the origin; and if 



1 Art. A'i, we have 



and therefore 

{dS 27raf I I \ 4fffl' 



also dS = a'dftd^, and accordingly 

—^dfidtj, = 4ir. 



n: 



, (1 - 2AA + h'j 

The value of the definite integral above is therefore 
independent of/; but h = l when r = a, and in this ease 
each element of the integral in (6) is zero, unless r be 
infinitely small, in which case n = /i, and tfr = ^'. Hence, 
when h = 1, we have 
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Application of Spherical Haymonics, 7 

140. ApplicRtion of Spherical Harmonics. — When 
the potential is due to mass ou one side of a spherical surface 8 
and is given at each point of the surface iS itself, the potential 
at any point on t!ie side of S remote from the mass can be 
represented by a series of solid harmonics. At the surface S 
tiiis series becomes a series of spherical harmonics representing 
the known value of the potential at the surface. Hence by 
Art. 139 each harmonic in this series is determined, and con- 
sequently so also are the corresponding solid harmonics 
representing the potential on one side of 8. 

If the potential be due to a distribution of mass on the 
surface S whose density is given, the potential outside 8 can 
be represented by the series 



and at any point inside by the series 



At all points of the surface these two expressions must 
be equal, whence by Art. 139, Zn = 7n- Again, if V and V 
denote the potentials outside and inside the surface, we have 
by Art, 46 at the surface 



dV 'fV 



7=0, 



- + S{2n+l) -^ = 47r<y = 4itS^„; 



V = 47r«= 2 -^ ■ 
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8 Spherieal and Ellipsoidal H( 

141. Potential of llotttogeneous Spheroid, — If the 

surface of a solid differs but little from a sphere whose centre 
is at the origin, the radius vector r is given by an equation 
of the form r = «(! + ay), where a denotes the radius of the 
sphere, y a function of tlie angular coordinates n and ^, and a 
a small constant whose square may be neglected. 

The potential V at any external point is the sum of the 
potential due to the sphere and of that due to the shell whose 
thickness at any point is aay. Hence if p denote the density 
of the spheroid, ;i',^'the coordinates of apointonthe surface 
of the sphere, and r the distance of this point from the point 
)', ju, <p in external space, we have 



4:trpa? 



r pn'!/d^td<p' _ 



but hy Art. 139, y = 2F„, and therefore by Art. 138, and 
by (3) and (4), we get 



m 



'(2» + l)>- 



For the potential at a point inside the sphere, by Art. 43, 
we obtain, in lite manner, 

V = 27rpri= - § 7rpf= + iaTrpa' % ^ ^" ^^^^ ■ (8) 

142. Potential of Heterogeneous Spheroid. — If 

a spheroid he composed of homogeneous layers comprised 
between surfaces given by equations of the foiin 

.■.«(1 + „SF,), 

where F„ is a spherical harmonic which varies with the 
surface, and « is a variable parameter, we have, for the 
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Potential of Seterogeneous Spheroid. 9 

potentia,! SF" of a single layer at a point outside, the 
equation 

and at a point inside, 

g r = 4.7rpa da + 4a^p 2 1^^'^'- '■"■ 

Henee for the potential F'of a heterogeneous spheroid at 
a point outside it, if «, denote the parameter of the external 
surface, we obtain the ecLuation 

4j'''pa^da {"' pdia-'^'Y^) 



For the potential of a heterogeneoua shell comprised 
between surfaces whose parameters are a\ and «2, at an 
internal point, we get 






(2» + l) 



-■« (10, 



By combining the expressions given by (9) and (10), v 
iind for the potential of a heterogeneous spheroid, at E 
internal point lying on a surface whose parameter is 
the equation 



-(l-oSF.) po-A( + 4m2 






p<i(»"FJ 
t4<,:r2-'Ss f^ " 



(11) 
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10 Spherical and Ellipsoidal Harmonics. 

143. Homogeaeous mass of Revolving Fluid. — 

If a homogeneous inaEs of fluid revolving with a uiiifonn 
angular velocity be in a state of relative equilibrium under 
ite own attraction, its external surface, if it be nearly 
spherical, must be an ellipsoid of revolution. 
This may be proved as follows: — 

By Bs, 5, Art. 24, at the free surface of a liquid in 
relative equilibrium, if Y denote the attraction potential, 
which in this ease is a force function, and if the axis of 
rotation be taken as the axis of s, we have 

rfF" + iu'{iedx + ydy) = ; 

whence, as in Art. 81, we get 

V+~{\ - ;u=) - constant. (12) 

The last term on the left-hand side of this equation must 
be small, as otherwise the surface of the liquid could not be 
approximately spherical. In this term, therefore, we may 
put r = a, and substituting for V from (7), we get 

4 Y lu'ii' 

^7rpfl=(l-((2F„) + -iaTrpn' 2 v - ■■ ■ -r- + -r-(l-^') = constant. 

(13) 

In order to make use of this equation, we must express 

1^ by means of spherical harnjonics. Since ju^ = -j, it is 

plain that the solid barmonio corresponding to the spherical 
harmonio of highest degree in fi? must be %' + kr^, where k is 
an undetermined constant. To determine k, we have 

VMs' + /f(^ + /+3^)) =0. 

Hence k = - \, and |U.^ - J + i is the required expression 
for u'. 
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Figure of the Earth. 11 

3iy Art. 139, the sum of the spherical barmonics of each 
degree above zero iu (13) must vanish separately. Hence 
r,. = if-H>2, and 



Hence the equation of tlie free siirfiioe is of the form 

which represents an ellipsoid of revolution nearly spherioal 
whose ellipticity is ij. See Art. 81. 

144. Figure of tlie Earth.— On the hypotheses that 
the Earth is composed of liomogeiieous layers bounded by 
similar surfaces nearly epherical, and that it is covered with 
liquid in relative equilibrium, it is easy to show that the 
external surface of the liquid must be an oblate ellipsoid of 
revolution whose axis is the axis of rotation. 

The attraction potential F of the Earth is given by (11)- 
Afc the surface of the liquid, (12) must hold good. Hence, 
by substitution, we obtain 



+ ^^^ (^ - |i') = constant. (14) 

Since the surfaces of equal density are similar, I^„ does 
not vary with a, and as «, is the greatest possible value for a 
if n be not less than 2, we have 

^ (h + 3) a""' 

Hence the multiplier of Y„ in (14) cannot be zero, and 
therefore if « > 2, we have Y„ = 0. 
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12 Spherical and Ellipsoidal Hannonics. 

If n = 2, we obtain 
^TT j«,= !%«=,/« - J^' p„Vfe| «F. =!^(i^^^y (15) 

By Art. 78, when the centre o£ inertia is the origin, the 

coefEeient of -^ in F" is zero. Hence, in the expression for 

the potential of a spheroid given by (9), if the surfaces of 
equal density be similar, and if the centre of inertia he the 
origin, we must have Y,~Q; and in the present ease the 
form of the external surface is determined by the equation 
)• = «i [1 + a Y^), where Y^ is given by (1 5). The esterual surface 
is therefore an oblate ellipsoid of revolution having the asis 
of rotation as its axis. 

It seems improbable that the hypothesis made above with 
respect to the form of the surfaces of equal density should be 
correct. In order that it should be true, it is necessary that 
these surfaces should have been formed under similar con- 
ditions ; but, unless the Earth were of uniform density, this 
could not have been the case, since the equatorial centrifugal 
force due to rotation varies as tlie distance from the centre, 
whilst the attraction of the sphere having this distance as 
radius varies in a different manner unless the density be 
uniform. 

A more probable hypothesis is, that the surfaces of equal 
density are represented by equations of the form 

r = ail-^ahy), 

where A is a parameter varying with «, but constant for each 
surface, and y a function of fi and ^, which ia tlie same for all 
the surfaces. 

145. Clairaut's Tlieorem. — Whatever be the internal 
constitution of the Earth, if it be covered with liquid in 
relative equilibrium whose external surface is an ellipsoid of 
revolution neai-ly spherical, the ellipticity, t, the ratio of the 
centrifugal force at the equator to gravity, q, and the diffe- 
rence between polar and equatorial gravity divided by the 
latter, y, fulfil the relation 7 + t = ^ 5. 
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Clairaufs Theorem. 13 

This equation was proved in Art. 81 ou a particular 
hypothesis as to the iuternal constitution of the Earth. 
Any hypothesis oE this kind is, however, unnecessary, as 
was first pointed out hy Sir &. Stokes. 

At the external surface of the liquid, the Earth's poten- 
tial F must satisfy [12j; but as this surface is nearly spherical 
and the term in (12) due to rotation is email, the variable 
terms in V must be small. Hence, if M denote the mass of 
the Earth, we may assume 



where a is a small constant. Again, by Ait. 81, the form of 
the external surface is represented by the equation 



Substituting iu (12), we get 

— jl + e(/i^-^)) + a2 — + -K^'-^ih -A*") = constant. 
Hence Y„ - 0, unless n = 2. Ji n = 2, we have 

— (|--)("-J> 

where 



Accordingly, 
and 



t,T,_M Ma'lq 



dV M 
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Hence, if g denote tlie aooeleration due to gravity at any 
point on the Earth's surface, in the same manner as in 
Art. 81, we find 



that is, 



■^ l+.-^^ 



5, 
7 + .- J- 

146. Tangential Comitonent of Attraction. — If P 

denote the component of the Earth's attraction perpendicular 
to the radius at any point on its surface, hy (16), we have 

dV Ma' ilfjL Ml q\ . 

where X denotes the latitude of the place. 

If we compare (16) with (■^), Art. 78, we get 

M^-(:h - q) (/ -l) = M- (A + B+ C). 

Hence C-A^^(2e-g). (19) 

The equations proved ahove were arrived at before in 
Art. 81 by means of a special hypothesis with respect to the 
internal constitution of the Earth. The facility with which 
these results have been obtained in the present and preceding 
Articles without any such hypothesis illustrates the power of 
the Laplaeian method. 
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Legemire's Coefficients. 15 

147. liesenilre's Coefficients. — The defiuitiou of tliese 
coefficients given in Art. 138 enables us to see that they are 
rational and integral functions of /x. A general expression 
for these coefficients cannot be readily obtained by the usual 
methods of expansion. If we put 

Tve can, by integration, get rid of the negative index ; and 
thus we obtain 



If we take - for the constant, we get 

(l/z- ly =l-2yx + if; 

whence we obtain _ y 

^ ~ ^ ^ 2 ~ C"^^) 

We have now an expression for s suitable for the applica- 
tion of Lagrange's theorem (Williamson, Differential Calctdm, 
Art. 125) by whieli we obtain 







¥J 


la-3 <lx'\ 2 


ij. 


whence 












(1 - 2jj! + •/)->. 


dz 


1+y 


m 


r) * 'i-i IB \\ 


i") 


Hence, if 


(1- 


2,ih* 


¥)->. . 


1 + SP„*", 




we gel 


i'. - 


1 


^i.^-VT. 


{ 



The development of Pb in powers of fx is most easily 
effected by means of the differential equation satisfied by 
zonal harmonics. 
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i Spherieal and Ellipsoidal Sarmonies. 

If S„ denote a zonal harmonic of the degree n, we may 



S„ = < 



.,X' + «»_! ^-' + & 



where s, &o,, must be positive in order that S„ should he 
finite at every point of space, and S^ must satisfy the 
equation 

Hence we get 

.(! - 1)". /- - >(« + 1)».^' - (s - 2) (. - «».-■ /-■ + 4o. 
+ ti()n- 1) Id,/ + So.| -0. 
Here the coefficient of fi^ is 

and that of /<*■' is 

s(.-l)»,+ j»(» + l)-(«-2)(.-l)|«„; 

accordingly, as each coefficient must vanish separately, we 
obtain 

(.-»)(.. ...i).o, .>.-.- jj^^^^^^^y:- 

From the first of these we get s = n, or s = - (« + 1) ; 
and as the negative value for s is here inadmissible, we have 



s = ii, a„^ 



-«(«-!), „ -(«-2)(,.-3) 



2(2a-l) •" " 4(2»-3) 

and in general 

, ..(.-l)(..-2)(.-3)...(..-2gt2)(.-2g-H) 

•-•' ^ ' 2.4...2j,(2»-l)(2»-3)...(2ii-2{ + l) ' 
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Leffendre's Coefficients. 17 

It is plain that the terras in (22) resulting from 

must vanish independently of those arising from the series 
already considered, and that we get for the first term the 
equation 

(,-»- 1) <! + »)«,-,- 0. 

Hence a^-t, is-,, &c., must each be zero, and we obtain 
1 . ..(..-1) „. .(..-l)(..-2)(»-3 ) ,„ j 

(24) 

Hence, zonal haiinonics of the same order can differ only 
in the constant factor, and we may write 



where a is an undetermined constant. 

It is easy to see that the coefficient of ^" in (21) is 



■■'■Ul - 3-.L».Li 




and therefore 




^. = 2^^(^-)- 




-'""'r,f-"k-2il^)>-"-H 


■ (26) 


^1.3.5^2„-1),^.,_,^^ 





It follows from the definition of P„ that when /i = 1 the 
value of P« is unity. 
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148. gplierical Harmonics. — Since the expansion of 



contains only rational and integral functions of x, y, and s, 
the coefGcienfs £„ L^, &c., must be rational and integral 
funefcionB of sin ^ and cos ^, in which each power of sin ^ 
and oos^ is multiplied by the same power of -/{l-fi^). 
Hence, as 

the spherical harmonic Y„ must be a rational and integral 
function of sin ^ and cos $ of the «"■ deg^^ee in which each 
power of sin and cos ^ is multiplied by the same power of 
-/(l - /jO- If 6^ch power of sin ^ and cos ^ be expanded in 
a series of sines and cosines of multiples of ^, we see that 
filially y„ is reducible to the form 

2(-^a-3/jCOHS^ +i?jiVs sin s0), 

where As and B, are undetermined constants, and Ms and X, 
functions of /i. 

. and [x'-X = u, equation (1) becomes 
DuDY, + ^ ^ - Mn + 1)F,. ^ 0, (27) 

yinee the coefficient of the sine or cosine of each multiple 
of must -vanish separately in (27), we have 

DkDMs - j- + n{H + l)j Ms = 0. (28) 

Again, since coss^ and sins^ can result only from 
(cos $)% (sin ^i)', (oos 0)"', (sin 0)"^, &c., 
M, must contain li' as a factor ; and the other factor must be 
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a rational and integral function of fi. Accordingly, we may 
put 



a rational and integral function of ^i- 
From (28), we have then 



s>-ir 



^ SM^p + {2s + 2)MVDi)4 



m^ 



-«=,r" v~n{n+l)u^v = (i. (29) 

Since u = fi' - 1, equation (29) is divisible by n'', and we 
= 0. (30) 



If WQ assume » = D'lc, equation (30) becomes 
i)*" (mCk') - k(h + l)iJ=!t = 0. 



(31) 



that, 
determi 
of ;i(wii 



rational and integral function of fi, it is plain 
th the exception of a constant factor, it is completely 
;ned by (30), Hence any rational and integral function 

"es (30) or (31) must represent r. Equation (31) 
satisfy 

DuBu--n(n + \)w = ^; 



but this equation is the same as (22). 

Hence we may put w - P„, and we La' 



-: = ]yP„ M, = u'B'P,,. 



It is plain that the equations by which JVj is determined are 
the same as those for Ma. Accordingly, these two functions 
can differ only by a constant factor, and we obtain 



Yy, - S {A, COS x^ + B, sin k^) u^D'P,.. 



(32) 
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20 Spherical and Ellipsoidal Harmonics. 

The part of F,, depending upon s^, that ie, 

{As eo8 s$ + Bs sin 8^) u^J>P^, 

18 termed a tasseral harmonic of degree n and order s, and we 
may write 

F„ = 2 T„, (A, 008 s^ + B, sin s^). (33) 

If we substitute for P„ its value given by (26), since As 
and Bs are undetermined oonstants, we have 

{ ,^_(»-s)(jw-l) ,..,_, (n-s){n-s-l){n-s-2)(n-s-S] „_^_, 
''r 2(2w-l) '' 2.4.(2h-1)(2«-3) *" 

-&c.j- (34) 



149. Iiaplace's Coefficients. — Xjaplac< 
are, as we have seen in Art. 138, a particular kind of 
spherical harmonic; and as they are functions of (p and $' 
through being functions of cos ($ - iji'), and are symmetrica! 
in fi and //, we must have 

L„ - 2«, cos s(^ - <fi') uhf^iyP,M'P'n, (35) 

where Oj ie a definite function of n and s, which may be 
determined in the following manner: — 

By (4) we have 

2aj(co6s^ cossi^' -i- sins,p sias<p')u''u"'I)''PJ)''P'.}i 

^ 2(^,coss0 + £,8ins^)((=_D=P„ 

47r ^ 

■X. d/j. d^ = - — -j- S(^j cos s^' -r B^ siu Sip') ii"'iy'P'„. 
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Laplace's Coefficients. 21 

It is plain that the only part of the multiplier of coss^' 
in the left-hand member of this equation which does not 
vanish after integration is 

Hence, if s be not zero, we get 

..{".-(jyi-.)-*-^; (36) 

and if s = 0, we have 

».|'>„rf^-jA_. (37) 

The first term in L„ is a^P^P',,, and when ^' = 1, all the 
other terms vanish, and P'„ = 1. Hence, in this case, 
Ln = a^P^; but Ln becomes P„ when )/ = 1, and therefore 
fi^ = 1. The remaining coefficients can now he found by 
means of (36) and (37). 

Let [''«^(Z>'P..)V^ = A,„ 

then A, =jM(OP,.)Vf(; 

also by (2), we have 

i^{n+l)A,-iP„D{uDP,.)d^; 
whence 

A, + «(«+ 1)A„ = [" {P„DiuDP„) + HDP„DPn} dn 
= r DiuP„DP„)dfx = 0, 
since u vanishes at each limit of the integral. 
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'22 Spherical and Ellipsoidal Harmonics. 

It is now easy to see that an equation similar to that 
obtained above liolds good for any two successive integrals 
of tlie series. In fact, by (2), we have 

D''\uDPn) - n{n+ 1)D'P„ = ; 
whence, remembering that D^it = 2, D^it = 0, by Leibnitz's 
"theorem, we have 

and therefore 

(n - s) (» + s + 1 ) H'B'P,, = /;(«'" D^'^Pr.) . (38) 
Henoe we have 
A,„ + («-s)(« + 5 4-l)A. 

= [" |K'D«'P„)DZ>^P„ + D'P„J}(u'*^D'*^P^)}(/^ 

= r' I)(H'^W'P„V'^'P„)d^ = 0. (39) 

Accordingly, A»+, = -{n~s)(n + s+ 1)A, ; (40) 

and therefore, by (36), if s be not zero, we have 



and, by (37), we get 

Hence, as «o = 1, we obtain 

' «(»+l) '^«(« + l)...(» + »)(«-lX«-2)^. .(«-« + !)• 

that is, «,- — -j-^L= , (43) 

and 

L. . P.P'.-¥2-!.{-iya-„'f(l-,,"?l)-r.D-F'. L!S cos* (^-f ) . 
— (44) 
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150. Coiuplete Harmonics. — The definition of solid 
and spherical harmonics in general has been given in 
Ai-t. 137; but the properties of spherical harmonics proved 
in Art. 139 have been obtained on the hypothesis that these 
functions are finite and single- valued for every point of 
space, and in that Art. m and n denote integers. 

If Ti denote a function of ii and $ satisfying the equation 

where i denotes any real numerical quantity, corresponding 
to Yi, there are two solid harmonics, viz. r'^Yj and »■"('*')?<. 

As 4 is real, one of the quantities i and - {i + 1) is 
negative. 

Hence, selecting the two solid liarmonios of negative 
degree which oorrespond to Yi and Yj, we see that when Yi 
and Yj are finite and single-valued, equation (3) holds good, 
unless i=j, or i = -{J+V). Again, if Yi be finite and 
single- valued, by a process similar to that employed in 
proving (4), Art. 139, we have 



n: 



Yi^ii- 



^l)L,A 



dixdf = iwY'i 



(46) 
if / b. 



if i be positive, the coefficient of L„ being n - 

negative, and that of Y'i being 4jr[ — ] ■ 

Accordingly, by (3), F',-0, unless i = n, or j" = -(h+1). 
In either case Y^ is a rational aud integral function of fi, 

t/1 - It' cos 0, and \/l - n" sin f 

of the degree n. 

Hence we conclude that the degree of a complete spherical 
harmonic must be a positive integer, and that the correspond- 
ing solid harmonic of positive degree must be a rational and 
integral function of na, y, and z. 

This last result is usually expressed by saying that every 
complete solid harmonic is a rational and integral function 
of X, y, and a, or can be made so by multiplying by a suitable 
power of r. 
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151. Reduction of a, Fnnction to Spherical 
Harniontcs. — It was shown in Art. 139 that a finite and 
single-valued function of fi and $ ean always be expressed 
by a series of complete spherical harmonics. If this series 
be finite, so that 

/&.$). r.+ r,...+ F., 

we have 

'■"/ =V,. + t' Vn-^ + &c. + J- { r„-i + •>" Vn^, + &e. I . 

Hence r"f =^ /« + )/„.i where /„ and f„.\ denote rational, 
integral, homogeneous functions of the coordinates ; and it 
appears that if a function of n and ^ can be expressed hy 
a finite series of spherical harmonics, the corresponding 
function of the coordinates must consist of a rational, 
integral, homogeneous function, together with another such 
function multiplied by r. Accordiugly, the problem to 
express a given function of n and $ in a finite series of 
spherical harmonics, when soluble, is reduced to that of 
expressing /„, a rational, integral, homogeneous function of 
the coordinates in a series of the form Vn + r' V„-3 + &c. 

This is effected most easily by means of Laplace's 
operator. 

In fact, by Leibnitz's theorem, 

. I't '!Li + * 'LZ- ^ * ^J^A ^ ,,vr,., (47) 

\cix I'x dy dy dz ds j 

and W=p(^ + l)j'P-'; also, V'F;„ = 0, and 

dx ^ dy dz '"' 

Accordingly, 

VVF„,= \pip-^l) + 2pm\r''-'V,„. (48) 
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Seduction of a Function to Sp/iencal Harmonics. 25 
From (48), we get 

vy„ = a, V,,., + «,»■= Vn-i + &C-, v'/, = S4 r,^. + />, y' v.., + &e., 

&c., &c., 

where «2, wj, &e., ^4, So., are known numerical coefficients. 
If this process be repeated sufficiently often, we find 
ultimately 

V2% = A Fo, or V2% = AFi, 

according as « = 2(/, or « = 2y + 1, the coeffloients k and k 
being known numbers. In fact, 

■>i + 2 
/* = [«+!, and k = — — In. 

By the equations previously obtained, we can then determine 
the other solid harmonics. 
As a simple example, let 

/= Ax' + Bf + Ce^ + 2Fi/z + 20zx + 2Hxy, 

then /= n + »■'?;, and Vy= A F„, where A = 3.8.1 = 6; 

but Vy=2(^ + £+C?); hence V, = ^{A + B+G), 

r, = Ax'' + Bi/ + Cs' + 2Fy% + 2Gzx + 2^a^(/ 

-H^ + -B+C')(^ + 2/' + ^'), 
and 
/= I {2A-B-C)x' + {2B-G-A)p-' + (2C-A-B)zn 
■t- 2i^7s + 2G^ + 2Hx!/ + ^ (^ + 5 + C) r\ 
Again, let f= x^ + p" + j^y + y^x, 
then,/= Fa ^ i^V„ and V^f=kV„ where A: = 5..3.2 = 10 ; 
accordingly, 10 Fi - S(x + y), hence Fi = ^ (a: + y), and ' 
F3 = -|-(.«' + ?/' + «V + .!''«) -3-s'(iK + ^)- 

The method originally given by Laplace for reducing to 
a series of spherical harmonics a function of n and corre- 
sponding to a rational and integral function of the coordinates, 
diffei-s somewhat from that given above. 
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A rational and integral function of the coordinates 
corresponds to a rational and integral function of 

fi, \/l - «' cos /p, and -/"l - /j' sin 0. 

If the various powers of cos ^ and sin $ be developed in sines 
and cosines of multiples of $, the series multiplying 

{1 - H^Y C05S<jl 

■will contain all the powers of fj. not exceeding n - s, where n 
is the degree of the gi^en function of the coordinates. 

If we colleot together the terms containing the li _^ 
power of ju in each series, we obtain an expression of the 
form I 

S(,4jC0ss^ + Bjsins^) (1 - /i^'j' ft'"^ + A„n", 

the function Yn may then he determined by taking its 2rt + 1 
arbitrary constants, so that the terms of the above form may 
be equal to those in the expression given above. If we 
subtract F„ thus determined from /, we get a function, 
f - V„ of the degree « - 1 in 

fi, t/l - iJ." COB ^, and ^/l - /j,^ sin <p. 

The harmonic Y„-, can then be detennined in a way similar 
to that employed in finding Y„, and so on. 

When the original function of the coordinates is trans- 
formed into a function of r, (i, and •}/, the various powers of ;■ 
are in / regarded as constants. 

It is plain that the total number of terms or of independent 
constants in /is 1 + 3 + 5 . . . + 2«4- 1, that is, (h + 1)^. 

This is also the number of arbitrary constants in the aeries 

r„ + Ti . . . + F„. 

152. Slelhods of torinlng Complete fiolld Har- 
monies. — A complete solid harmonic of positive degree is, 
as we have seen, Art. 150, a rational and integral function 
of the coordinates. A solid harmonic of the degree n, since 

it is homogeneous, contains, therefore, „ terms. 
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The coefficients of these terms are, however, not all inde- 
pendent ; for, if Vn denote the harmonic, V'F„ must vanish 

for all values of the coordinates, and therefore ^ 

equations must he satisfied by the coefficients o£ V„. 

Accordingly, V„ contains 2n + 1 independent arbitrary 
constants. 

where i,J, k denote any integers. 

\(kj \d,,l V*y r 

is a solid liarmonic of tlie degree -{i +j + k + 1). If 
i + J ^ k = n, the number of different combinations of tire 
type 

\'Jx) \dj,J 

■which can be formed is ; but all the different 

^ 1 

functions which result by the use of these operators ou - 
are not independent. In fact, ' 

\dai' dif ils'j\dx} \d>/J Vrfs/ r 



I,,) UJ 



i' +f + !/ = n - 2. Tliere are ~ equations of 

nust be satisfied identi 

\i(x) \ch/J \d%) r' 



this form which must be satisfied identically by functions 
of the form 
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where i-vj + k = n. Consequently, of these latter functions 
there are only 2« + 1 indepeudent. Hence, every complete 
solid harmonic V^ of the degree n is given by the equation 



r,, = >■'"" s^ 



«(0(0(iri. («) 



where i +j + k = n, and where there are 2n + l independent 
functions', and consequently 2n + 1 independent arbitrary 
constants. 

Another method of forming complete solid liarmonics 
depends on the consideration that, ii at, (5,, j, be the 
direction cosines of any line, 

f d ^ d d\ 1 

V'J^.^^'d-,,^~^'V.}7- 

satisfies Laplace's equations, and more generally that this 
- ■. by 





<^ 


d\f d 


tft 


rf 
*" 


4:)- 












("■ 


^^^4-" 


dtj 


It follows from this that the function 






,.»(. 


^^^. 


d d\( d 
li*-"jA'"d. 


+ /3. 


d 


dzl 










"(■ 


d 

^"7x 


^< 


+ 7, 





ifies Laplace's equation ; and as it is a rational, integral, 
.ogeneous function of the »'* degree, containing 2« + 1 
independent arbitrary constants, every complete solid harmonic 
of the n"' degree can be expressed in this form. 

It is not, however, obvious that a set of real values of the 
coefficients a,, ^i, ji, &c., corresponding to any given com- 
plete solid harmonic always exists, and that in general there 
is only one suoh set. 
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This proposition, whicli is necessary f o complete Maxwell's 
method of representing solid harmonies, was proved by 
Sylvester {PkU. Mag., Ootober, 1876), in tlie following 



It has been shown above, that by tlie solution of linear 
equations ior determining tlie coetHeieuts, we can reduce any 
complete solid harmonic to the form given by (49). 

We have now to show that any rational homogeneous 
function of the n"^ degree of the symbols of differentiation 

operating on - can be reduced to the product of n real linear 

factors of the form j ,? j 



Since the symbols of difierentiation obey the same laws as 
quantities, and since 

\dx^ dp- dz^J r 

the theorem just stated is equivalent to asserting that any 
ternary quantio {ir,i/,z)", whose variables are subject to the 
condition »•' + y' + s' = 0, can be reduced to the product of /* 
real linear factors, and that this reduction can be effected in 
only one way, 

The equations (cb, y, z)" = 0, x'' + y" + s' = may be 
regarded as representing plane curves having 2?! points of 
intersection. If these points be joined in pairs, we obtain 
n straight lines, the coordinates of whose points of determi- 
nation are obtained by solving for x:y:% the simultaneous 
equations {x, y, s)" = 0, and 3^ + »/^ + s^ = 0. 

It - be real, the corresponding value of - given by the 

latter equation must be imaginary, and so also, therefore, 

tliat of - ■ Hence of the three ratios, a^ : « : s, two at least 

are imaginary. 
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The equation ol the straight line joining the points 
a^, y', z', and x", j/', s" is 

x{^z" - 3'/') + y{z'o/' -x'z") + z{x'y" - ij'x") = 0. 
If we suppose '-7 and — to be each imaginary, and select for 
-77 and — , the conjugate imaginaries, eaoh term in the equa- 
tion of the straight line contains >/- I as a factor, and the 
line is therefore real. „ 

If the equation of the degree 2« for determining - have 

2?» imaginary roots, there are 2wj imaginary values of either 

- or - corresponding, and tlierefore m real straight lines. 

Corresponding to the 2 (« - m) real values of -, there must 

be 2 (»-«!) imaginary values of - and -, and therefore 

{« - in) additional real straight lines. Hence in all there 
are n real straight lines passing through the poiuts of 
intersection of (a-, y, s)" = and s' + y' + s" -= 0. 

There are no more. For if we seek the values of -- which 

satisfy the equation of a real straight line, and the equation 
«' + y' + a^ = 0, these values must be real, or else conjugate 

imaginai'ies ; and in the former case, the values of - must be 

conjugate imaginaries, and also those of - • Hence, to obtain 

a real straight line, each imaginary value of one of the ratios 

-, &G., satisfying (a-,v/,s)" = and »= + y' + s*=0, must be 

combined with its conjugate ; consequently there are only 
w such lin^. 

Let L = denote the equation of « straight lines passing 
through the 2m points of intersection of {x,y,sy = 0, and 
aj^ + j/' + s^ = 0; then, whenever (cb,j/,s)" and »= + 2/' + s' both 
vanish, so must L, and therefore 

L = X{x,y,%r^Y{x'^t^^). (50) 
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From the degree of the various functions in this equation 
we see that X is constant, and Y of the degree h ~ 2. Since, 
ia general, a ternary quantio of the «'* degree contains 

■ ^— ■ ■ - - constants, and the equation of n straight lines 

contains 2« + 1 constants; and since 



it is plain that the 



(■■-1)" 



constants of Fcan he so deter- 



mined that the right-hand side of (50) shall represent n 
straight lines. It has been proved ahove that for one of 
these determinations the n straight lines are real, li 
aiX + (3if/ + 7i3 = 0, &o., represent these real lines, then 

= ^(,r,2/,3)"+ Yia^ + tf + z^). 

Applying the theorem which has been proved for the 
quantities x, y, z to the symbols of differentiation, by (49), 



= Ar"-' 



\dx 



_divj \di/ j \dz) 

/d_y rdM' f ^ 



ifie 



\ ilx 



i/x 



d\l 



where V„ denotes any solid harmonic of degree n, A, A^hy 
and Li'j'ii constants, and «i, /3i, 71, &e., the direction cosines- 
of straight lines, and where 
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If lines be drawn from the origin, each in one direction, 
having oi, J3i, 71, &c., as their direction cosines, these lines 
meet a sphere, Laving the origin for centre, in « points 
which are called the poles of the corresponding spherical 
harmonic. 

The mode now described of forming spherical harmonies 
was given by Clerk Maxwell in his treatise on Electricity and 



Maxwell's method of representing spherical and solid 
harmonics admits of an interesting physical interpretation. 

It h, denote a line whose direction cosines are a„ /3i, 7, 
drawn through the point x, y, s, and h\ the parallel line 
through the origin, 

\^' dx "* ^ ' dy ^ "'' dz ] r~ dh r ~ dh\ r ' 

and r„ = ^*-2«" — il . . . A i . (52) 

" dhx dh-. dh„ r ^ ' 

Again, ~ expresses the potential of a mass m at the 

origin, and „, d 1 

^ - mdh\ -rrj- - 

dh , r 

expresses the potential produced by superimposing on this 
mass another negative mass of equal magnitiide, situated at 
a point at a distance from the origin infinitely small in the 
direction h\. If this system be displaced through the 
distance dh\, reversed, and superimposed on the former, 
the potential becomes 

•' rf 1 

and so on. 

The repetition of this process n times leads to the 
potential &„, where 



dih dhi 
provided A = mdhi dhi . . . dh,, = 
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Methoch of forming Complete Solid Uunnonics. 33 

li A\i& a rmite oonstaot, m must be an infinitely great 
quantity of the «*'' order. 

As an easy example, illustratiiig the foregoing theory, 
we may consider the question to express in Maxwell's form 
a solid harmonio of the second degree containing only the 
squares of tiie variables. 

Here, by Art. 161, the solid harmonic 

Aeam, as — + -r-. - — r^. we have 



and therefore Vi = c* ( X - 



f\'^ 



= yX^'' + 3/^// -(X + ii) r' = (2A - ,0 ,(■' + {'2ft - A) / - (A + ^u) z\ 

Henoe, comparing with the former expression for Vi, we 
liave 2A - ^ = «, 2/i - A = S ; whence 

A =■ |rt + 11), ^ - ^fi + p. 

To reduce i X -—-, + u -r-„] ~ to Maxwell's form, we must 
V dx" '^ dy'J r 

consider tlie relative values of A and /i. 

If A and fi have different algebraic signs, and // = - ,/, tben 

If A and n have the same sign and A be tlie greater, 

1\ ((^ rf= / ffi '^' *^' \ i 1 

{ dx' ay \dx' dy^ drj ) r 
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The most general solid harmouic of tlio second degree is 
reducible to the form considered above by a trans formation 
of the axes of coordinates. 

In general, for tlie second degree, the reduction of a solid 
hai'monie to Maxwell's form is mathematically the same 
problem as the determination of the planes of circular 
section of a quadric surface. 

153. Incomplete Harmonics. — We have seen, Art. 
150, that if Yi be a complete spherical liariiionio whose degree 
is real, i must be a positive integer, and Vi a rational and 
integral function of /i, ■\/(l ~ /^') ^"^ 1>> ^'^'^ v'i^" /O si" ^■ 

If J be a negative integer, -(j'+l) is zero or a positive 
integer. 

If i be real but not au integer, it is easy to obtain expres- 
sions for Y{ which satisfy the differential equation (45) ; but 
these espreasionB become infinite at certain points on a sphere 
surrounding the origin, or alter in value after having passed 
coutitmously through a complete circuit surrounding tlie a^is 
of s. In the latter case, accordingly, they are not single- 
valued. 

If we assume pi= a^ + a^^ + am^ + &c., 
g,- = fli/i 4- a^ii" + a^j^? + &c,, 
and substitute jij; in Ihc equation 



ii order that each power of fi sliould vanish, we find tliat 

^ _ (■-,,)(..,.. 1) 



(«+l)(» + 2j ■■ 



(54) 



Equation [54) is fulfilled also by two suceessive coefficients 
in the series denoted by q,, provided qi satisfies (53). Hence, 
if we assume 



-4-^ 



V) ,(<-2)(.-tl)(.-t3) ._ 

2 " 1.2.3.4 '' 



(i-lX^l) . , (-lX,--3)(»2)(»4) . ^W•'^ 
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35 



each oi the series pi and qi eatisfiea the diiferentiai equation for 
a spherioal harmonic of the degree i, whatever be the value of i. 

If i be an integer, one of these series terminates : the other 
contains an infinite number of terms. 

If i be not an integer, both aeries contain an infinite 
number of terms. 

The sum of each series is finite so long aa /t < 1 ; but if 
u = 1, either series, if it contains an infinite numter of terms, 
becomes infinite. In fact, (54) may be written 

_ (»-.-)(.titi) , 

and, accordingly, as n increases without limit, all the terms 

become of the same algebraical sign, and the value of -^ 

tends to become unity. Hence (Williameon, Differential 
Oakulus, Art. 73), if /t < 1, the series ia convergent. 

In the case of the more general spherioal harmonic Yi, 
wliatever be the value of i, we may assume 

Fi = S {Ai cos s^ + Bs sin s^) (1 - li'fpu ; 
then, as in Art. 148, equation (30), we find that pi, must 
satisfy the equation 

{^'-l)iyp + %ii{a+l)I)p ~ {i-s)ii + s + l)p = 0. (56) 
This equation is satisfied by the series 
«o + f^ifl^ + «d/lt' + &11-, 
and by the series th/i + Ua/i' + a^n^ + &c., 
provided that in each series 



«o.Y 





(« + 


1)(„ 


+ 2) 






assume 












' (i - 


.)(( + . 


<+l) 


:.'^ 


&i 


..), 


^ 


i.a 




■ (i^; 


.-1)0 


(+« + 2) 


, 


, f- 
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36 Spherical mid Ellipmiilnl Hat monies. 

Fi = S (A, cos s,p + S, sill s$) (1 - i>^f{pi, + ?*,), (59) 

where i and s have any values whatever, Yi will be a spherioal 
harmonic of the degree /. 

If i-n be a positive integer or i + s a negative integer, 
one of the series pu: and gj, terminates, and the other contains 
an infinite number of terms. 

In any other ease, both aeries contain an infinite number 
of terms. 

When the number of terms is infinite, 

(1 - n^fpi, and (1 - ^yqi, 

are each finite if ^ < 1 ; but if ;« = 1, each of th 
becomes infinite. 

In order to prove this, we observe that (57) may 
written 

u' + 'An + 2[»-\)n-i-{s-i){a + i+\ 



I- 3» + a 



(60) 



Wlien n hecomea very great, the ratio of «,tj to ffl„ tends 

A 1 2fs-l) 
towards 1 + 

Again, if we put (1 -/i')"*^ = 1 + ij^' + ij^* + &c., we find 
that 



As n becomes very great, the ratio of 6,,+s to *„ tends towards 

Hence, as ju approaches 1, the functions p,, and qt, tend 
to become quantities of the same order as (I-/1'')"*; and 
therefore, if s he positive, 

(1 - ^ffPu and (1 - t^'fqi, 
are finite so long as ^ < 1 ; but if /t = 1, tliey become infinite. 
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Tiie same thing is true if s be negative. In this case, 
(I - ii'y becomes infinite when At = 1, and the products 

(l-^ypi, and (l-i/yq;, 

beoome infinite as before, 

When i = s, we have pis = a^ ; and when i-s+ 1, the 
series gu = a,fi. 

It appears from wliat baa been said that if we assume 

K- ( J 00. .> + 5 .in ;<,)(!-/)■, 

where / is positive, Yi is always finite ; but if i be not an 
integer, J',- is not single-valued, for when ip increases by 
2jr the functions cos iijt and sin tip do not return to their 
original values. 

If f=S^, Yi = Ai (I -n')^ sin i<p, 

and * = 71S, where n is any integer, and s = — , the function V 

satisfies Laplace's equation, vanishes at infinity, and is zero 
at the planes for which = and ^ = a. At the surface of 
a sphere of radius a we have 



Thus on this sphere Kisa fuuetion of/* and^, which vanishes 
at each of two great circles, and is finite and single-valued 
for the intercepted portion of the surface. By bringing in a 
suEEoient number of terms, and properly determining the 
arbitrary constants, it may be possible to make this function 
equal, at least approximately, to an assigned function having 
the characteristics above. 

In some eases, a function satisfying Laplace's equation, 
and fulfilling certain boundary conditions, can be found by 



y Google 



38 Spherical and ElUj^^oidiil Harmonics. 

means of spherical harmonica of imaginary degrees. We 
have seen already that whatever be i and s, 

is a possible form of a spherical hatmonio of the degree i. 
If i be imaginary in order that pu and jjj should he real, it 
is necessary only that i(t+ 1) should he real. If we put 

»0'+l)=/, we get J--i±y(/+i); whence, 

if i be imaginary, / must be negative and greaLer than 
\ in absolute magnitude. Acoordingly, putting f=-k, 
we obtain 

'■ - - i + -/^ -/(t - 1), ;' - - J - •^ •(* - i) i 

then, since Yi depends only on the value of ^'(^+ I), we have 
Fi = Yi', and both these functions are real. 
If we now assume 

V-r'Yi + ri'Yi-, 
the function F' satisfies Laplace's equation, and we have 

Yi _ 2Yi 

V=={r^■i■r^')Yi = ——{exV-l + r^^/-l) = -— cosx- 
Vr i/r 

If we assume \/-l V = r^Yi-r^' Yr, we get in like manner 

V = — -^'sin X. where x - ^/(k - ^) logc. In order that 

V ^' 

V or V should vanish at a sphere of radius a, we have only 
to assume 

2;;+ 1 
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EUip.wi(h of Revolution. 
Ill tlie first ease, wo have 

and, in tlie last, 



Incomplete splierioal harmonics are here briefly desoribed 
in order to give the student an idea of their nature and of 
the kind of conditions whioh they can be made to satisfy. 
Tliey are useful in some departments of mathematical physics. 



kSectiok II. — Ellip&oids of Revolution. 

154. Solntions of Uiflfcrentlai Equation. — When 
the surfaces with whioh we have to do are not approximately 
spherical, the expansions for the potential which have been 
investigated are of little use. In the case of ellipsoids of 
revolution, equations (B5) and (41), Art. 98, enable us, by 
an extension of the theory of spherical barmouica, to arrive 
at suitable forms for the potential. 

Equation (41), Art. 98, if we write ^ instead of X' 
becomes by transposition 

(1) 

If such a form be assigned to V as to make each member 
of this equation eqiiiil to ihe same quantity, the equation is 
satisfied ; but, by Art. 148, if P„ satisfy equation (23), Art. 
147, then 

(l-y»)"Z)'P„(^eos*^ + 5sins-p) 
satisfies equation (27), Art. 148, if substituted for Y„. 
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Hence 

( d\ 



(l-l')Hl-P)' 



(IJ (^J ^-(O^-CO*^ "" '* + ^ «'» 



muBt satisfy (1), and if ^satisfy Laplace's equation through- 
out the region inside a prolate ellipsoid of revolution, we may 
put 

V . ■S.I...(l)T„.«} {^ »s <«, + B, sin »«,) , (2) 

The value of Kgiven hy (2) becomes infinite along with ^ 
at points at an infiuite distance from tlie centre of the 
ellipsoid. Accordingly, (2) does not give a suitable foim 
for V in the spaoe outside the ellipsoid. 

It appears, however, from Art. 147 that there are two 
solutions of equation (ii2) of that Article. One of these 
is P„; the other, which may be denoted by Q,„ contains 
only negative powera of fi- Accoi'dingly, when t, becomes 
infinite, Q,i(f) becomes zero. 

Hence, if we put 

8l„-S(E'-Ij'(p-l)'(|J(^-|Jp.(«)(«)„(0;-4.eos.:f+i;..in«f), 

(3) 
and V •= S2)b, (4), we see that this form of V satisSea 
Laplace's equation throughout the apace outside the ellipsoid 
and is zero at infinity. 

If we denote by 17^ the function corresponding to l\s 
in equation (33), Art. 148, we have 



= i;T„{l)U.s{l){A,(>Q&xf + /;,sins^). 



At the surface of the ellipsoid, where t is constant, 
1 becomes a spherical liarmonio Y„. 
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Deiermiua/ioH of the Function Q«. 41 

155. Deter miuati on of tlie Fanction Q„. — 'L'be 
differential equation (22), Art. 147, being of the second 
order, has two partiiiular integrals; one of these is Pn, tiie 
other Q„. Putting Z, instead of n, by Art. 147, we have 

*■ r 2(a)>+3) *■ 2.4(2«+3)(2«t6) ' 

(') 
By Art. 147, if ii., be the eoefficieut of Z,' in this series, 

'-'•;■ -i,-t^\)(.-\)'- <" 

Hence, as - s increases, the ratio a^-i : »a tends to beoom 
unity, and if ^ > 1, the series is convergent; but if ^ = 1, i 
is divergent. Hence, in the space inside the ellipsoid o 
revolution, ^„ is not a suitable form for the potential. 

156. DeAerminatlou of Q„ as an Integral.— If w 

write y for Sn and j? for fi, equation (22), Art. 147, becomes 



<Py 'Zx dy h[h + 1) 
da!' a? -- \ da: a? ~1 



which is of the form 



If we put y - vyu equation (10) becomes 



(9) 



(10) 





^(^f 


+ X, 




= 0. 


H J, be a. solntioo ol (10), «e 


get 






(11) 




-e.).. 


-2* 


-X,iit; 






(12) 
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12 Spherical and EUip&oidal Harmonics. 

whence, by integratioii, 









= 6', + C 


[«-'•"•' 


— dx 




■J „' 




id if V 


= 


when 


ig = iPt,, we have 










-< 




th. 


In tl, 


le pr 


efceot 1 


■iif,e, 







also, iji =• P„. Aooordiiigly, 

By putting X = -, expanding tlie expression under the 

integral sign in ascending powers of z, and integrating, it is 
easy to see that when x= co, or 3 = 0, we have 0=1). Hence 



If we ohoose - 1 for tlie vahie i>{ 6',, we make Q„ perieotly 
definite, and we obtain 

(15) 

157, Expression of Q,„ by means of a Finite 
Series. — In order to express Q„ as a finite series, it is 
necessary first to prove some relations whioli exist between 
successive coefficients of Legendre and tlie functions obtained 
from them by differentiation. 
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If we put x'' - \ = u, — ~ I), we have 

Du = 2.x, DHi = 2, DHi = ; 
aud we get 

= (h + l){DuD''^Ui" + {n + 1) Dhi D'Hi") 
= 2(« + l)ie7J''*iM'' +■ 2(h + 1)= /;"«". 

Substituting for D"*'?!" by a formula eimilar to that just 
obtaioed, we get 

i)nt>M"" ^ 2(« + l)a^ {2nxD"u"-' + 2n' J)"-' u'-^] 
but bj (21), Art. 147, we have 

and tlierefore, dividing by 2'"' | (n + 1) , we get 

I^P^t, = w^DF„,> + "a^P,w + (» 4 V)P„, 

and subtracting DFn^i, we have 

/JP,,.! - i?P„., = uDP,.^, + i>xP,.., + (n + 1)F„. (16) 

The right-hand side of (16) can be expressed in terma of 
F„, for we have 

also, 

B"u" = D^-'Du" = iJ"-'« {("-'Ziif = 2«aTi>"-'«"-' + 2«(!j -l)Zi"-'«"-'. 

Comparing the two expressions for I^u", we find 

wZ)"««-i = «(« - l)i)"-'M«-. (17) 

Equation (17) shows that Z>"«" satisfies (-^2), Art. 147, 
a result which has been already proved in Art. 147. If we 
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now substitute mD""""' fir n{n - l)!)"-')*"-' in the first of 
the expressions for 2>"ii" given above, we get 

Z)"M« = 2mD"w''-' + 2m;U"-'m"-', (18) 

and dividing by 2" \n , we have 

P„ = i«i)P„-, +i»jP„.,, (19) 

whence uDPn-i + nxP„,, - nP^. 

Substituting in (16), we obtain 

DP,,,, - iiP„.i = (2h+ 1)P„. (20) 

From (20), we get immediately 

DP„ = {2n - 1)P„., + {2n - 5]P„., . . . + (2« - 4.5 + 3) P„.„,i + &o. 

(21) 

"We oaii now express Q„ as a, finite series by treating the 
equation 

»(«7)rt-«(.. + i)i/-o (as) 

in a manner somewhat different from that previously 
If we p\tt p = vi/i- w, and substitute in (22), 



=i!<'''-')("'i^'v:)l-»(»+i>*'-i^<«*)-('-i)»i 
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If we next suppose i/, to be a solution of (82), and 
determine v in such a manner as to satisfy 

"'Se' |i)„z,_„(„+l)|„.2(.--l)H;. m 

From (23), by integration, we obtain 

(I-fl^')-- = constant. 

If we choose 1 as the value of this constant, we get, by 
integration, 

and (24) becomes 



If we assume 

to = A,P^, -1 A,P„,, . . . (- A,,.,P„_,,^, + &o., 

and make y, = P«, by (21) of the present Article, and (2), 

Art. 138, we get 

2 (2n -43 + 3) 

- A».,{n(n 4 1) - (« - 2, + i)(H - ?. + 2)} 

-^,.,K+"-K-(4^-3)« + 2(«-l)(3s-l)]| 

= A^.,\[4.^-2)ii-2(2s-l)(s-l)\ =2{2s-l}{n--^ + l]A,^„ 

. . 2»-4« + 3 

'''"'" -*•-'- (2. -l)(,.-.tl) ' ('') 

2» ^ 1 „ 2" - 6 _ 2» - 9 o , 



(28) 
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Thus we oblai 



Qn-0\P.ilog''-t^-^r\. 



where w is given by (-dS). 

We have now arrived at three expressions ior Q™ of whioli 
one ia perfectly definite, and the other two contain constants 
which can be determined by comparison with (15). 

From (29) and (15) we p:et 

whence, by division and differentiation, we get 

1 " dx ,/x I _ 1 _ 

^ 1— :p - P? ( ^ (^ - ■^)"^> 

that is, 

but when a: = 1 we have A = 1, and therefore C = 1. 

In order to find ff"iu (7) we put s = - , and identify the 

coefficients of the lowest powers of s in the espreaaions for 
Q«{^) given by (7) and (15). 
Ey Art. 147, we have 

- Ayf |1 + asoending series in z], wliere A - —^—^ ' ; 

therefore, 
P, 



,(»'-l)P." 'J. J'0V(1-2')«"(1 + &O. 
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Here the lowest power of s after iutegration is plainly %"*\ 
..d its coefficient i. [j;;^ : accordingly, !<: - ^^^^^y^, 
I hat ie, 

K = L- -^— . cm 

For Q(^| we iia.ve, then, three expressions given by the 
equatious 



'«"'""1.3.5...(a.. + l) 

r 2!2»+3) 2.4.(2«+3X3«+5) ' ( 

(31) 

J+1 



e.;?i-j-p.B)iog 



?-i 

(2„-l a.-6 2.-9 I 

lT:^-^-'^3.(»~l)-^--*5(«-2)^"**"'i 

(33) 
158. — Analusues ofXesseral Harmonics. — We saw 

in Art. 148 that tlic miilti]ilier ot u^coss^ in the spherical 
harmonio Yn must satisfy equation (30) o£ that Article. This 
equation has two particular integrals, D'Pn and D^ Q„ ; but, 
by means of (30), Art. 148, the latter can be expressed in 
terms of the former. In fact, (30), Art. 148, may be written 

(«>-l)g+2(,+ l)a,,f +(i(. + l)-»(« + l)ls,-0. (34) 



'A" 



e compare this with (10), Art. 156, we see that 
^ _ 2(.!tl):g 



and ooneeqnentlj' 
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Accordingly, if y^ be a particular integral of (^4), the other 
particular integral y-,, is given by the equation 

and therefore, adopting the notation of Ait. 154, if we put 
2'„, - w'y/i, we have 

We may regard Vm as defined by (5), Art. 1S4, and 
consider 7'„t as given by the equation 





T.,{x}.{x'- 


- ifD"!',.- 




Ilia 


now easy to show that 


in (36) tho 


Tiilue at 


For 


<-.)■"{ 


— 




T„- 


i 1.3. 5... (2 


'-'),.j. 


{,:' + So.) 


L» 






1.3.,5...(2,-1)„{»- 


!)...(»-. 


^i^„ife- 




L! 




(( tie 


= 


1.3.5...(2»-1) ; 


c"-' + &o.) ; 




and if we put 








1.3.5..,(a«-l) 


iV, nod 


1 


™g.t 


y„ . AW(l + 2), 


where Z denotes a so] 
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ascending powers of z, tlien 

but [« 

and 

i iin(«+l)(n+2)...(«+s) 
C7-„, ^ w^i>'Q„ = ^ (1 - s=)^ =^^ _^ ^ -l)V^-«+&c. 

= (_ ly .- L. — -^ ^ p-i+i 4. ^f,. 



1.3.5 . . .(2« + l) 

Hence, equating tlie coefficients of tlio lowest powers of z in 
tlie two expressions for U„a, we get 

i;Zn+X)N ^ ' 1.3.5 . . . (a« + l)' 
wheneo 

and as s, = 0, and therefore ^^- ix> , we have 

^-(-V^^~£(;i^; (37) 

It is to be observed that, in order to avoid the introduc- 
tion of imaginary quantities, T„s{iB) is regarded as having a 
somewiiat different signification according as x<l, or ^ > 1, 
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In tact, in Art. 148, 

r„(ri - {l-n'f'K'P.d'); 
and, ia the present Article, 

3»(E) - (l-5')ij>'P,®; (38) 

but T„{i) . it' - If B' P.il). (3») 

It is obvious that, whichever signifioafcion he attributed 
to I'm ((f), it satisfies the same linear differential equation. 

159. Expansions for Kxteroal and for Internal 
Potential. — We can now write down the series express- 
ing the potential, inside and outside a prolate ellipsoid of 
revolution, due to a distribution of mass on its surface. 

Let V denote the potential inside, and V that outside, 
the ellipsoid whose semi-axis major is A^„ ; then we may put 



r=2 



^.p,(f>p.,(o|;_fpni|:5j 



and (40) 

.:s(..„.oos.^.i4.sin.,)r.(|)7;.(oj; ^^._,;^^^^^^^,4 . 

(41) 

At the surface, whei'e Z = Co> these two expressions become 
the same series of spherical harmonics which can be made 
equal to any assigned function of | and ^ which is finite 
and single- valued. 
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160. Surface Dlstribntion cor res |toii ding tn 

PotenMal. — If the internal and external potentials, V 
and Y', due to a surface distribution whose density is a, 
be given by the equations 



r.A«,.,fT(i)T{x:,\ 



« 



JfK'-i)ir(f)r' 

(7 can be found from the eqnation at the surface of the 
ellipsoid ta- 
li dsi be an element, drawn outwards, of the normal to 
the surface, equation (12), Art. 46, 1 

ilV dV 



but by Ex. 2, Art. 75, rfs, = , and therefore we have 

4rf>? dV dV , 

(ffr ,Ji dTr _ji_ _i j 

. Ap J, ^r(g)cos^^ 

(42) 
When the density of the surface distribution is given, 
the expressions for the potential inside and outside the 

ellipsoid may be determined hy expanding — , expressed as 

a function of ^ and ^ in a series of spheiical harmonics, 
and determining each o( the functions 2'(^) "'"•i ^-''^ corre- 
sponding constants by means of (42), The potentials V 
and V are then given by (40) and (41). 
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161. Potentials ot Homoeold and Focalold. — li 

the surface distribution be homceoidal, the density varies 
as p, and the multiplier of p on the right-hand side of (42) 
must be constant. Hence, V = constant, 



.s^i-^-^br-'^irsf 



(43) 



When Z becomes very great, V tends to become — , 

M '" 

that is jT,, where M denotes the total mass of the homceoid. 

Hence (7 = -—, and 

^, M , Z + l ^^ M , /4+l\ ,.,, 

r = ^^log^, r=^^iog(^^l-^). (44) 



For a focaloidal distribution the density varies inversely 

aa p, and - varies as -;, that is, as Z^^ - £'. Accordingly, - 
p p^ " p 

ie of the form AP„ + BP^ {I), and 

It is easily eeeu that 



S" - 1 i\t-l ? 

and that 

1 1 



(r-lXr-1)' 8«-l 5 + 1 



(^ij'(^-!^r}- 



Henee, by integi-ation, we have 

r - f" i»B r^I + 5 MC - i) {«■ - 1) log 1^ - 2SJ 
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By a method similar to that employed in the ease of the 
31 
homceoid, we find that ^„ - — , where M is the mass of 

the foealoid. 

It follows from (42) that the coefficients of P„ and (^ ~ \) 

in '^irJ^LAta - 1)- are ^i, and 5 — — r; hut - varies as ?/-£% 

that is, as ta - \ - {f" - \)y ai"3 therefore we must have 
Ai = - A(,. Hence 

(46) 
By Art. 8^, the potential of a foealoid in external space 
is the same as that of the solid ellipsoid of equal mass of 
which it is the boundary. Hence (46) may be verified by 
comparing it with (2), Art. 78. Thia verification is readily 
effected by taking a point on the axis of revolution. Here 



f-l, .nd 


r = hZ ; then putting y 


: = s, from (46) we get 


- = fh 


l--il 


L(^-^)(^ 




...)-,]] 




^•[M(l- 


^i)]..e. 




+ ^ + &0, j • 

(47) 


Again in 
I- A; «nd, 


(2), Art. 78, for points on 
since = £, we have 


I the axis 


of revolution, 




A + B+C- 


--^.B-. 


-f- 






2 






Heiioe, putting i; for 


,-, weget 








V- 


M M 







which agrees with (47), 
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162. Oblate Ellipsoid of Revolution. — When we 
liave to do with oblate ellipsoids of reTolution, Ijaplace's 
equation takes the form given by (35), Art. 98. If we put 
t = ~ f ■/- 1 in this equation, and write ^ instead of ^i 
we get an equation in ^', |, and ^, which is the same as (1). 
Hence, in the ease of the oblate ellipsoid, we may put for V 
and V the expressions given by (2) and (4), or by (40) and 
(41), provided we put %' instead of X,- In order to determine 
completely these expressions for f^and V, we have then to 
put t,-/- 1 for ;;', and oooordingly v? e have tofind what Fi^'), 
QiZ;), T{1'), and U{1') become when l^- 1 is substituted 
for ?'. 

163. Setermliiatlon ot p{Z,) and q{Z). If we put 
ly/-l instead of ? in the expression for P„{Z), given 
by (26), Art. 147, we get 



(- 1)=^ 



and we may put 

1.3.o...(2» -l)( ..(..-1) , 

[« r 2(2« - 1) ' 



(48) 



Also, putting y/- 1 = !, we have 

P.OO . .>.(?). (49) 

In like manner, from (31) and (Sii), we have 



(50) 
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It 18 plaiu that the right-hand members of (50} and (51) 
can differ only by a factor which is some power oE t from the 
expressions for Q(i^), given by (31) and (32) ; and, as the 
term involving the lowest power of ^ is the same in the two 
forms of q^iX)' they are eonaisteut. 

From (31), we see that 

<3,.(.?) - .-l">s„(n, (52) 

In order to find a third expression for qni"^, we must 

2 + 1 
consider what log - — - becomes when Z, is chaitged into iX,. 



n 


we put -^ = % = tan 6, we have 






, <2 + 1 , 1 - (S , cos e - , sir 


^--2.6 




'°°,S-1 '°»1+,. '°°cos»+.si. 


,0 ^'"• 


Hbiio 
and 


* '°^ir^ ■'''""' '• 




also, 


iP.!,?ilog|i^-,™AK)ta 


, 1 


Aocor 


dingly, by (33), 




«.(.?) 


-."jftrat«"'j-(^l.,ft-.-3(,.. 


^y.-. + &c.)}; 


but 


?,.(0 -.-«.(.!), and ."'-(-1)"; 


; and therefore 


?.(?)■ 


.(-l)-{p,(5)ta,,-i-^„..,(?) + |^ 


%v^iV,^^<^\ 



(53) 
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Iti4. AnalogDCH of Tesseral Harmonics. — When 
we put it for K m T^sil), we get 

ni' + ifiyp.iZ), 

and we may write 

;..«)- «'+i)'fl'p..(?), y..(.?) - i"t,.(o. (M) 

Also, we may write 

u,,{t) = {t^^lfjyqn{l); (55) 

whence TJ,Jil) = r("*'lM«,(?l. (56) 

Another form of it„a{t,) is obtained from (37) from which, 
by means of (56), we have 

«„.© -.""D-„.(.0 -.""(- 1)' 

whence 

dt. 



I'l-s Ji ( 



;«-+l){i,„(S)|' 

(57) 
165, Expressiou for Potentials. — If Fand F' denote 
the potentials inside and outside an oblate ellipsoid of revolu- 
tion, due to a distribution of mass on its surface, we may 
write 



^A.F.iQp.m I '"•- 



S (A., eoB s* + «„. »n ,f) r,..(E)(„(J) |^^ (;.^^'|^,_^_(qj. . 
(58) 

■"^■^■«'^-«'r ir.i)l(oi- , 

- SC^,, cos .*, + £,„ ,m.^,)7'..(E)i„(0|^—-ji|-^,. 

(69) 
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Surface Distribution corresponding to Potential. 57 

It is plain from what precedes that Fand V satisfy eaoh 
Laplace's equation, that Fis finite when ^ = 0, and V is zero 
when 2 = X , and that F and V are identical at the surface 
of the ellipsoid. Hence they satisfy all the conditions 
required, 

166. Surface Uistrlbutiou corre*j|toadlng to 

Potential. — Here we may proceed as in Art. 160. If the 
infcemal and external potentials Fand F' bo giveu by the 
equations 

and ds, be an element of the normal to tlie ellipsoid, 
\d\ 



but in this ease, by Art. 98, we have X' = /c^{^' + 1), and 
therefore 



Accordingly, as in Art. 160, 



and 



*"' - ,,.!-/!-.^n,,y> ''(E) "™ '* - 



r(|)o«„(„ 



*■?.(?.■+ 1)(&) -"'-""'• «(«v/l(C.'+l)(i:.'+e)| 
(61) 

"^hen the density of the surface distribution is given, 
the potentials may be determined in a manner similar to 
that descrihed in Art. 160. 
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167. Potentials! of Honaceoid and Focaloid. — 

These may be obtained from (60) and (61) iii a manner 
similar to that employed in Art. 161 ; but if the expressions 
given by (44) and (46) are already known, we oan get from 
them tiie corresponding expressions for an oblate ellipsoid. 



Putting ,e for I in (44), v 



;et 



Hence we may conclude that V, tlie potential of an oblate 
homceoid of revolution, is given by the equation 



r' = 



r tan ' 



(62) 



It 13 easy to see that this expression for V must be 
oorreot, since it satisfies Laplace's equation, vanishes at » , 
is constant at the surface, and tends towards the value -j-i 
at points very distant from the centre when r tends to 
become equal to kZ,. 

To get the potential of a focaloid in external space, we 
may put iZ, for Z in (46), and we get 



M \ 






I 
and 



Hence we may put 



r- 



- 1, this may 



.... J 

3 written 



F'- 
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This espresBiou for V satisfies Laplace's equation, vanishes 
at infinity, and at points very distant from the centre tends 

M 
towards the value — ; but to prove that it satisfies all the con- 
ditions of the question, we must show tliat the correepouding 

distribution of mass varies as - - 
P 
If the external potential V be given by (63), the internal 
potential F, due to the surface-distribution producing V, 
is given by the equation 



(64) 



since this expression for V satisfies Laplace's equation, 
remains finite inside tlie ellipsoid, and is equal to V at the 
surface. We have, then, 

477^4 ^ ^ ^ ^' 



tl 1 




^l{^' 


-iX-^) 


4f..n- 


S P + iJ • 


''W 


M 












(65) 


Different! 


atin 


g and 


reducing, it i 


s easj' to see that 


4)l(' 


tan"' 


1 






-i 


(?+i)ii + e 


Hence, 












•It ' 'It " 


il/i 


i 1 




1 M 
1)1 * 
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60 Spherical and Ellipsoidal Harmonies. 

and at the surface we have 

where C denotes a constant. 
C 1 

of mass producing the potential is fooaloidal. 



Section III. — Ellipsoids in General, 

168. Ellipsoidal Harmonies. — When the surface, at 
which the potential or mass- distribution is given, is an 
ellipsoid not of revolution, the preceding methods are inap- 
plicable. The most general method of determining solutions 
of Laplace's equation which can be made use of in questions 
of this kind depends on the employment of functions called 
ellipsoidal harmonies. 

We have seen, Art. 92, that if A, /i, v be the primary 
semi-axes of the three coufoeal quadrios passing through a 
point, Laplace's equation may be written in the form 

where a, ji, j are given by (17), Arf. 92. If a, b, c denote 
the semi-axes of an ellipsoid of the confocal system, we may 
change the variables by assuming 

V = a^ + £, // = a^ + tj, v" = a' + Z. 

If we put ie = («' + t}^ {f + 1)* (c' + ?)*, by (17), Art. 92, 
we have 

d _dK d^ d 23E rf 

rfa da dX d^ k d^ 



(3) 
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If we assume 

- («■+»)* (*■ + ,)*(«' + ,)', 3 - («" + ?)* (S" + ?)■ («■ + if. 



in like manner we get 

rf/3 /c <^n' dy I: dV ■ ' 

and Laplace's equation becomes 

|(„~»(s|)%iJ-E)(3|J.(l-^,)(3|;jr=o. 

(« 

Following the analogy sugg^Bsted by the methods em- 
ployed in the ease of ellipsoids of revolution, we may 
suppose V to be the product of M, a function of ^, and of 
IT a function of ij and H' a function of ^. If those f iiuctioas 
be such that 

(je/J-E - (<»« +i)-B, (a0H . (,«, +,/iH, 

(5) 

where m and y are disposable constants; we may put 
V = CERH', where G is an arbitrary constant, and we 
have 

where A denotes the otlier factor of V V, since the espresaion 
inside the bracket vauislies identically. 

We have now to find forms of the fuuctions E, H, and 
ff which will satisfy (5). 

If we suppose .fi to be a rational and integral function 
of %, we may pnt 

S = I" + p,e-' + . . . . H- p.. 
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Operating on I", we get 

.■l,v + e)(6't;) + (t-+t)(fte) + (f^g)(»'t;)i 

2 

+ «(>i-i)o'*VE— . 

Hence, in order that 



^ij^ 



-{ml^j)E, 



we must have the aeries of m + 2 equations 

« (h + ^) = m, {« - 1) (« ~ ^) j5, + «^ {a^ + b' + c^) =j t mp^, 

n (n - I) ia'b^ + bV + cV) + (n - 1)' («' + 5' + c')p, 

+ (n-2){n~^)p, =jp^ + mp^, &o., 

The first of these determines m, the second p, ae a linear 
function of y. By substituting tiiis value of pi in the third, 
Ps is determined as a quadratic function of y, and so on. 
Thus, finally, an equation of the degree « + 1 is obtained 
to determine y. Eacli root of this equation corresponds to a 
set of values of ^i, jWj, &e., which furniehee a function of the 
required form for E. There are thus n\\ functions of the 
degree n in \, which are of the required form. It is plain 
that % ia of the second degree in the coordinates x, y, s. 
Hence the forms of V corresponding to tliose found for B 
must be of even degree in each of the coordinates m, y, z. 
To determine forms of odd degree in these coordinates, we 
are guided by the formulae for expressing the Cartesian in 
terms of the elliptic coordinates of a point. 
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Ellipsoidal Sar 
In fact (Salmon's Geometry of Three Dimensions), 



(,■-«■)(«•-*■) 

If we eoneider only the factor containing £, we see t 
corresponds to 

^/a' + £, J/ to v^6^ + ^, and s to v^i;^ ^ |; 
and we are thus led to consider whether 



and y(l?+l){&= + ?)(c' + £)S, 

wliere E is a rational and integral function of £, are possible 
forms of E. 

Operating on y/a' + S !"» ^e get 

(l|)V(»'i £)£•-•('■■+£) I (" + i)(« + i)P" I 
+ »(.. + l)SV]5- + »(»-i)«ws--i J 

Hence, we see that if E = ■^/n'+ ^ S«, where Sa is a 
rational and integral function of ^ of the degree n, we have 

and therefore, that by properly determining m,j, and the 
coefEcients in E„, we can make 
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(9) 
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It is easy to see that the final equation for determining j 
is of the degree n + 1. 

If we operate on the funetioua 

we find that 

(5:;|)ji(«"+t)cs"+ej]e'-ji(«'t?)(s>+5)ii(«+i){«+i)?"" 

+ [(» + !)■(»■ + 6') + (« + D'o-] £• + [«(„ -i) o-i> 

t „ (» + i) («• + J.)«'] I- + ,. (« - 1) »-y«-{" i 

and that 
(l|)Vl(.'H-5)(i'+£)(«- + E))5» 

- If(«H-|) (» + 2)5"" + (» + l)' («■+*■ + »■) 5" - 

X (11 + J) (o'S" + bV + cW) £"-■ *«(«-!) ii"SV E— I J 
Hence we oooolude that 

and that (^E^f Jfa;,, = -eS^.i, 

and, aooordingly, that \/((«'+ |}(i' + |)| & and 3£S« are 
possible forms of E. 

If E be of the degree v iu ^, and u be an integer, the 
forms we have found for E are 

s,, •{<«■ + f)(s- + i)|a„, •{{»■+ 5)(«' + f)ls„, 
• !(»■ + I)K + £)|B„. 

We have found also that there are v + 1 different functions 
of the first, type, and v of each of the othei's ; so that there 
are 4i. + 1 in all. 
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If I- = n + J, wliere n ia an integer, the fonns found 
for B ave 

V-ia'+'Q^n, ./(P'+i)^., y(oU§)S„, 

Also, there are n + 1 funotions of each, of the first three 
types, and n of the fourth, bo that there are 4;; + 3 ; that is, 
iv + 1, in all. 

HencG) in any ease, there are 4v + 1 determinable fuiic- 
tiona of £ of the degree v, any one of which may be taiien 
for E in order to satisfy (5). 

It is plain that if ^be the same function of ij, and M' 
of Z, as -E is of E, the product OEHJS', where G is an 
arbitrary constant, will then satisfy Laplace's equation. 

169. Ellipsoidal Ilarinonlcs tvhich vanlsli at 
Infinity. — The functions considered in the preceding 
Article do not vanish at infinity, and are therefore unfit to 
represent tlie potential of a finite mass in space outside itself. 
The form of the differential equation for E enables us, 
however, to obtain another function which will fulfil this 
condition. 



In fact, if 




(10) 



but, as was shown in Art. 156, by assuming y = y\U, if yi 
be a solution of the equation 



is also a solution. 
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In the present case, J X^dx = log S ; and, therefore, if E 
be a solution of (10), so also is 



If now we take for E one of the forms found in the last 
Article, by writing E as the product of £" and a series of 
J powers of ^, it is plain that 



\^E^ 



vanishes when ^ is infinite. 

Hence we see that, if V denote the potential inside an 
ellipsoid, whose semi-axes are a, b, o, of a distribution of mass 
on its surface, and V the potential of the same distribution in 
external space, and if V = CEHH\ then 

where 



-!.*-■ 



170. Ellipsoidal Harmonics expressed as func- 
tions of Cartesian Coordinates. — If E« be a rational 
and integral function of 5 whose factors are $ - oi, ^ - «;, 
5 - o,i, and E = Sji, t}ien 

^ '^ -^^ 'V« +"1 ft' + ai c^ + a, / 

(«-...)(*-..,)(.....)(^-j?-.J-.^^;~-i) 

(U) 
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For the expression 

(«■+«) (j> +«)(«■+») (^-^1^ + ^ + ^- - 1) 

vanishes when u = ^, or « = i|, or ti = ?, where ^, i|, Z 
are the elliptic ooordinatea of the point whose Cartesian 
coordinates are x, y, z. 

Hence, whatever be u, we have 

and therefore, 

= -5r=(^-aO(fl-'.i)(C-'.,), 
where Xi and K^ denote quantities independent of the 
coordinates. 

Hence, if we denote the right-hand member of the 
equation (11) by O., we have 

ii = C(?-«x)(?-«,)-.-(?-««)('?-".)('J-''-)---{'»-«'») 

By using the expressions for x, y, and s given by (6) we 
find, in like manner, that when 

^'-^'^^^ !. (12) 

CiSfl' -•!(«'- »■)(»'-<'')!»=" ) 

£.^|(»' + 5)(S-+E)|a. 1 

CERR' .[a'-h').y[lf-if)(c'-«')\i;ia V 

CEif-ff' .(<!■- 4') («■-»■) (i- - c") v/^ J>y«Q ( ■ 

We have seen that there are 4v + 1 ellipsoidal har- 
monics of degree v in $, that is, of degree 2v in Cartesian 
coordinates. 
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A rational and integral function of x, y, z, of the 
igree i, contains 



(.■+l)(.' + 2)(.t3) 



constants ; 



but if it satisfies Laplace's equation, these constants must 
satisfy 

equations, 

and therefore such a function contains only {*' + .1)' indepen- 
dent constants. Now, if we take all the different ellipsoidal 
harmonies from the degree up to the degree i in x, y, z, 
or |! in I, we have 1 + 3 + 5 . . . . + 2* + 1 in all ; the sum 
of this series is {i + 1)'. 

Hence, as each harmonic may be multiplied hy an 
arbitrary constant, we can express any rational and integral 
function of x, y, z of the degree i, which satisfies Laplace's 
equation, by a series of ellipsoidal harmonies, whose degrees 
in X, y, s range from i to 0. 

At the surface of an ellipsoid of the coufooal system any 
rational and integral function of x, y, s can be expressed as 
a series of ellipsoidal harmonics. 

For, if a, h, c be the semi-axes of the ellipsoid, at its 



and therefore, by multiplication, the degree of any function 
of X, y, 2 can be increased by 2 without altering its value. 
Hence a rational and integral function of the degree * can 
be reduced to two homogeneous functions of the degrees / 

and* — !. Of these, the first contains ^ ^ inde- 
pendent constants, and the second -^-^ — - ■ Henoe the two 

together contain (i + 1)' independent constants, and can 
therefore be expressed as a series of ellipsoidal harmonies. 
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171. Surface Integral of Product uf Harmonics. — 

If Fi = E,RiH\, and F, = S^R.H',, and 8 and 8' 
denote two eonfocal ellipsoids of the system, whose normals 
drawn into the spaoe between them are v and v', by Green's 
theorem, we liave 

J dv J dv J ((i- J dv 

also rfv = 7p, where p is the central perpendicular on the 
plane to S, and dv' = ~ ^, and therefore 



^'^■-Vm,,S.2\ 



that is, 

At corresponding points on the surfaces S and 8' the 
coordinates ij and Z are the same, and therefore, so also are 
the values of Mj, R\, H^, H\. Also, by Ex. 7, Art. 90, 
the volume elements pd8 and p'dS' are proportional to the 
products of the semi-axes of S and iS', that is, to i and i'. 

Hence, as 



■* 



^■f'lll'''''-''''''''^'"'-''- 



If we equate to zero the 6rst factor of the left-hand side 
of this equation, we get 
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Since one surface may be taken as fised and the other a 
variable, tliis equation is equivalent to 



whence -E, = CE, f^, + C'E,. 

Accordingly, eitiier E^ and E^ differ only by a constant 
factor, or E^ is the external harmonic corresponding to tiie 
internal Ei. In either ease ^i is tlie same as Hi, and H\ 
as H\. If we reject the alternatives considered above, we 
must have 

lH,H^\H\pdS=0, 
and therefore, 

lV,V,pdS=0. 

Hence we conclude that the surface integral of the pro- 
duct of two ellipsoidal harmonics and t/ie central perpendicular 
on the tangent plane, taken over an ellipsoid of the confoeal 
system, is aero, unless the two harmonies have a constant ratio 
to each other, or be a corresponding pair of harmonics, one 
internal and the other external. 

172. Identity of Terms In equal Series. — If two 

series of internal or of external harmonics be equal to each 
other, each harmonic of one series must be identical with a 
cotTcsponding harmonic of the other. 
To prove this, let the series 

V„+ V,+ V,. . . V^=U,+ U,...+ U^; 

multiply each side of this equation by Vmpd8, and integrate 
over the surface S, then all the integrals on the left-hand 
side vanish except J" VmpdS, and on the right-hand side 
tliey all vanish, unless fm = CVm, in which case we have 

\U„V,„pd8= CjVJ'pdS. 

Hence C = 1, and a harmonic of the right-hand series is 
identical with F„,. 
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If two series of harmonics be equal throughout the whole 
of the space inside or outside an ellipsoid, both series must 
be compOBed of harmonies of the same kind, either internal 
or external, since an internal harmonio becomes infinite in 
external space at an infinite distance from the centre, and 
the differential coefficient of an external harmonio becomes 
infinite at the focal ellipse in the plane of icy. 

It is easy to elmw by multiplication and integration over 
the surface S that, if. two series of harmonics be equal at the 
surface of the ellipsoid 8 whose semi-axes are a, b, c, and one 
series be composed of internal harmonics, the other of external ; 
then, if a terra Ym of the first series be given by the equation 

there must be a term JJ^ in the second such that 

r « 






173. Density of Surface lllstribution producing 
given Potential,— If V denote the potential inside the 
ellipsoid a, b, c oi a distribution of mass on its Burfaco, and 
V' the potential in external space of the same distribution, 
and if 

we have seen, Art. 169, that 

In this ease, if a denote the density of the distribution, 
we have 

dV dV . -. 

-y- + -yy + 4ffO- - ) 

dv dv 

^ ' ^^ ^ ''5 

but rfv = TT- , dv = - T-, 

2p 2y 
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whence 

^ = IE _ i^' - run' '^ r ^ 
p dl~ dl ^-"-^ dl], lE^ 

,dEr dl 

that ]S, 

abc{E)J ^ ' 

If the potential due to the surface diKtribution wliose 
density is a he the sum of a number of harmonics Fo, Fi, Vi, 
&e., it may be shown in a similar manner that 

where 

When a is assigned, (16) enables us to determine the 
functions ffi, B.\, &c., and from thence V\, &o. 

174. Potential of Homeeoid. — As an example of the 
mode of procedure described in the preceding ajtiole, we 
may find the potential of a homeeoid. Here a varies as p, 

and - is constant, whence 

To determine C^ we have 

dV _ dV _ 2pO, 



where Jf is the total mass of the homeeoid, but jpdS = iwabc, 
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and therefore 2C„ = M ; accordingly, V, the potential of the 
homceoid in external space, ie given by the equation 

This agrees with the result found iu Ex. 3, Art. 75. 

17d. Kllipsoidal Harmonics of the Second Degree 
in tlie Coordinates. — The forms of E which coiTespond to 
functions of the second degree iu the coordinates are 



• |(«- + 5)(6-+E)l, •!(*■+ !)(«'+ f)|, •l(=' + e)(»' + {)l. 

and (E - a). 

There are two iuiiotions of the last form, E - «i, and 
£ - ai. We proceed to determine the values of ai and oa. 
By (6), Art. 168, we have 



»..f, >-.«<,.(.■ + {• + «■, -ia- J K«"+ »■«' + »■<>')■ 

Eliminating m andy, we obtain 

3a' + 2(aU&' + c=)a + «^5= + 6'c= + c^fl" = 0. (17) 
Hence, 

_ -(a' + tMc'l^t ^/(n' + 6' 4- e'-a'i'-i'C -<!■«■ ) 1 

i. (IB) 
_ -(»■ + >■ + »■) -v/(a' + i' + i!'-ii'y-iV-c'»') I 
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17fi. Reduetion of iHnlid Harmonic of tlie Second 
Degree to Elliiisoidal Harmonics.—Tlie geiieral form 
of a solid Imrmonic of the second degree ia 



«i + «s + «3 = 0, 



^- "^My, 



As regards the terms oontaiiiing products of the coordi- 
nates, we have only to aabstitute for eaelt produot its value 
in terms of 5, », and t,. Thus, 2f\y% I 



^\{h^-a^){b''-c%c^-a^){c'~b^)} 

and the remaining two products are reduced to expressions of 
a similar kind. 

We may next assume 

= o„ + ir,(?-«0(i-«0(?-«0 + -2;(?-«0('>-''<}(?-''0, 

I the values given by (18). In this 



where ai and 
manner we gt 






Hence we have 
C, - ft(<i'+a,)(4'+i.,)(»'+o,)-C,(ii'+o,)(6-+o,)(t'+i.,) = 0, 
o, - ft(S' + o,)(c'+a,)+ C,(S> + „,)(«' + «.), 
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In virtue of equation (18), which determines a, and oj, 
and of the relation between «,, «j, and «3, the values of d 
and Oi, found from (19), satisfy the equation 

a, = ft {a= + m) (6= + «0 + ft(«^ + a.) (6^ + a.)- 

From the last two equations (19), we find 

., rTia°-ai6'+ (Oi -«a)o2 ^ «,«' - flji^ + («, - ffaja, 

'■■"[«> --S-)(c>ta.)(.,—)' ""(«'-6')(«' + .J(a.-S' 

(20) 

At the surface of the ellipsoid a, 6, c, the quadratic 
function flis^' + a^y'' + ffsB^ can be reduced to ellipsoidal 
harmonics, whatever be the values of Si, a-t, and ch. For, 
in this case, we have 



and therefore we may substitute for the given function the 
expression 

a, + — ]»'+ 05 + — h/^+ as+ -^ js'' - E. 



We can then determine e so as to satisfy the equation 

and putting »i + — for «i, and «! + tj for (7j, proceed in 

tlie same manner as before. In this ease, the right-hand 
side of the first of the equations (19) is not zero but - t, 
so that 

C, = CM + «>)(b' ^ '"'lio' + a,) + CM + u.){b' 4 a.)(.'+ a.) - e. 
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177. Potential of a Focaloid. — We have seen. 
Art. 83, that, for a focaloid distribution of mass, the surface 
density a is given by the equation 



the density of the sohd ellipsoid of equal mass being denoted 
by p. By Art. 173, the potential Uoi the focaloid in internal 
space is given then by a series of the form 

provided that 



It is piain that an expression of the form 

A, + A,(, - „,)(? - «.) *A,{,- »)(t - „) 



the constants A^, Ai, and Ai. To determine these constants 
is unnecessary for our present purpose ; but if we proceed to 
do so, we shall find 



be I a,-a, J. m-nf 

■.,-«. J. id-o.)' J. if 
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By eubetituting the equivalent expreaaiona in x, y, and s 
for the fiinotions 

(|-aO(i,-«,)(S-«0 and (g - a.) (^ - «=) (^ ~ «=), 

the potential U becomes of t,iie form 



where «„, iS;o., are oonstauts. 

178. Comiionents of A.ttra«tlon of Focaloid and 

Homogeneous Ellipsoid. — From the form of Uit follo'ws 

that the components of force in iuterual space due to a 

focaloid are ~ 2axai, &c. 

At the outside of the surface the components of force 

become „ > jO^ c 

- iSiX + 'tTTry —r , &o. 

Hence, if X, Y, Z denote t)ie components of force at the 
outside surface of the focaloid, 

X-[-2a.:'^y. y.{^2a,,^f]y. Z - (- 2,:,.'^).. 

(21) 

By Art. 83, the attraction of a solid homogeneous ellipsoid 
in external space is the same as that of a focaloid of equal 
mass on its surface. 

Hence, if X, Y, Z denote tlie components of force due 
to a solid ellipsoid, by (21), we have at its surface 

J: = M, Y^h^y, Z=h,z, 
where 6j, h%, and h^ are constants. 

Since X satisfies Laplace's equation in external space, 
and is equal to 

Tyi(<.'+E)(''>+5)(»' + oi 



at the surface of the ellipsoid, we must have at any poiut ij 
external space 

X = ax\ 7^-n — FT 1 where a vtt-^ — -=- = fti . 
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In like manner, 






dl 



At a great, distance r from the centre, X, T, and .^ tend 
towards the values 

MM , M 

T*i Ty. Slid ^a, 



where J/ denotes the mass of the ellipsoid. 

If we expand in descending powers of ^ the functions 
under the integral sign in the espresHions for X, Y, and Z, 
and integrate, we find that X tends towards ^aw^~^, and 
that P tends towards -l/By^'?, and ^towards fys|"§. 

Hence we have (j-^ = 7 = -|-J)/, and we get 



X = ^Miv 



dK 



r dK 



(23) 



179. Potential of Kllipsuid in External Space. — 

If V denote the potential of the ellipsoid in external space, 
V = -i [XdiK + Ydij + Zdz) + constant. 
Integrating hy parts, we find 






^i)t 






(»-+{)!■ 

where in the eeoond integral ip is to be regarded as a function 
of 5, y, and a ; and y and s are to he looked upon as constant 
in the integration. 
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Similar results hold good for the functions contained in Y 
and Z. Hence we have 

r <K [•{ X- f' i- \«i 
+ = J , (?-+l)S - J , U-^ + FT5 " ?T5 j ¥ i • 

No constant is to be added, since the right-hand side of 
this equation vanishes at infinity. The three integrations 
involved in the last integral on the right-hand side are to be 
performed on three different hypotheses ; but, as 

a^' f ^' ^ , 

we have, finally, 

^ * iJfS nK«^+^)s n,{h-^^m \^\<:-'+m 

We see that this result agrees with (11), Art, 87, remembering 
that in that equation x, y, % are not regarded as functions of «. 

180. Potential of Ullipsoid In lt« Interior. — The 

components of force due to a foealoid at the outside of its 
surface, by (22), are 

that is, if we put 



J. ¥*m' 

they are Ax, By, and Cz. 
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Heuoe, at any point inside the focaloid, if these components 
be denoted by X, Y, and Z, we have 

x4A-^^y. y-{b^'^),, z.{o-'-§y 

For these expressions satisfy Laplace's equation throughout 
the interior of the fooaloid, and take the proper values at its 
inner surface. 

Hence the potential U of the focaloid is given by the 
equation 

P . - i ( 'I «' + J>?' + W) + ^ (5 + fj + 5) + A . 

where A^ denotes an undetermined constant. 

By Art. 83, if V denote the potential of the ellipsoid 
inside itselfj 



-^=4-?-^?> 



Hence 

At the surface of the ellipsoid, V = V, and therefore, 
by (23), we have 

accordingly, 

(34) 
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CHAPTER IX. 



Section I, — ConstituHon and Action of Magnets. 

ISl. niBS»et of Finite Hi mens ions. — 

body is composed of elements each of which is a magnetic 
particle (Art. 17). When such a body is placed in a 
uniform field of magnetic force, each particle is acted on 
by a couple, and the resultant of all these couples tends to 
bring the body into a position in which a certain line in the 
body is in the direction of the uniform force. When the 
body is in the position in which tiiis couple is the greatest 
possible, its ratio to the force is the magnetic mommt of the 
iody. 

If a body be composed of a number of infinitely thin 
parallel bars, magnetized at their extremities so that the 
pole strength of each bar is proportional to its orthogonal 
section, it is plain that the magnetic moment of the body 
is proportional to the eura of the products obtained by 
multiplying the length of each bar by the area of its 
orthogonal section — in other words, to the volume of the 
body. Hence we may assume that the magnetic moment 
of an element of a magnetized body is proportional to th« 
volume of the element, and we may denote this magnetic 
moment by tlie expression Jrf@, where rf@ denotes the 
volume of the element, and / the inten&ity of magnetization. 
This latter is defined as the ratio of the magnetie moment of 
the element to its volume. Magnetization is a directed quantity, 
and its direction is that of the parallel bar magnets which 
are regarded as composing the element whose magnetic axis 
is a line in this direction. 
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182. Potential «f Magnetizeil Body.— By (28), 
Art. 54, the potential of one element of the body is 



If w, y, z denote the coordinates of the element ; 5, rj, Z, those 
of the point at which the potential is required; A, ^, v the 
direction -co sines of the magnetic axis of </©, we have 

/ dr dr rfr~^ 

\ dx dij d%} 

The quantities 7X, Ifx, and Iv are termed the components of 
magnetization, and may be denoted by A, B, and C. If V 
denote the potential of the magnetized body, we have, then, 

If /, m, n denote the direction-cosines of the normal to 
the surface 8, which is the boundary of the body, we get, by 
integration, 

(2) 

Hence the potential of a magnetized body is equivalent 
to that of a volume-distribution, throughout the space occupied 
by the body, of mass wliose density is 

fdA dB dO\ 



together with a distiibution on the surface bounding the 
body whose density is 

lA + mB + nC: 
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183. ■■olsson's Kiiuatioii. — From the expreesion for 
tbe potential giveu ty (2) we have 

at auy point inside the body. 

In space outside tbe body Laplace's equation obviously 
holds good. 

184. Examples of flflagiietized Hudies. — As an 

example of a magnetized body, we may take a sphere 
magnetized in a uniform direction so that the magneti- 
zation at any point is a function of its distance from the 
centre. Here, if r' denote the distance fi'om the centre of 
any point of the spliere -whose coordinates are x', i/, z'; 
V the magnetic potential of the sphere at an external point 
whose coordinates are x, i/, z; and r the distance between the 
points xi/z and x'j/'z', we have, tlie direction of magnetization 
being parallel to ie, 

where X denotes the component of force due to a sphere 
whose density at any point is f{r') Hence 

where a denotes the radius of the sphere, and therefore the 
magnetic action of the sphere at an external point is the 
same as that of a small magnet at the centre whose magnetic 
moment is expressed by 



If the magnetization be of uniform intensity 7, the magnetic 
moment becomes 



iwl . 
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If an ellipsoid be uniformly magnetized in tlie direotion 
of its longest axis, the potential V, at an external point xijz, 
is given by the equation 



'\m 



dx] V 



where X denotes the component of force of a solid homo- 
geneous ellipsoid whose density is I. Heuoe by (12), Art. 87, 
we have 

f " du 
F= 2TtIabcx 1 1 , , (4) 

where q is the greatest root of the equation 

d'+q ^ i/ + >, '^ V + q " 

(See Ex. 1, Art. 52.) 

If the integral in (4) be denoted by S, and the corre- 
sponding integrals for the other two axes by gl and 3i it is 
easy to see that the potential V of an ellipsoid, uniformly 
magnetized in a direction inclined to the axes at angles 
wliose cosines are A, n, v, is given by the equation 

V= 2nIal>c(XxX + ^l0 + vs3). (5) 

From (5) we can obtain the components of the magnetic 
force exerted by the ellipsoid at an external point. By 
differentiation we have 

but 

« 1 'k_ 
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If we denote the semi-axes of the ellipsoid passing through 
the point sys and confocal witli the given ellipsoid by a', V, c', 
we have 

a \a* 0* c*j ax 

Hence, \lp' denote the central perpendicular on the tangent 
plane to the ellipsoid db'c' at the point xyz, we have 







Hence 




In like manner, 






<fb''e" til. 



accordingly, by substitution, we obtain 



If IS,, TOi, TOj, and & denote the angles which the normal 
to the ellipsoid a'b'c' at the point a:i/z makes with the axes, 
and with the direction of magnetization, we have 



and cos S = \ eos th, + fi cos w 

Hence we obtain 
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and, since the components of magnetic force a, /3, 7 are 

dV 
expressed by — =- , &c., we have 



" fl'6V 
ivlahc 



coB,3' cos 7^3 - ^Tvlaboi'^' . 



From equations (6) it appears that the force exertad by 
the magnetized ellipsoid ubc at an external point P is the 
resultant of two forces of which one is in the direction of the 
normal at P to the ellipsoid a'b'c', and is expressed by 



the other is the force due to a homogeneous solid ellipsoid, 
coinciding with ahe, at the point Q in which a line drawn 
from the centre in the direction of the magnetization meets 
the surface of the ellipsoid a'b'o', the density of the solid 

ellipsoid, supposed attractive, being -„■, where R denotes the 

distance ot Q from the centre. 

185. Potential of magnetized Body expressed as 
Hma of Force Components. — Adopting the notation of 
Art. 182, we have, by (1), 

- d^\ V ,/nJ r dK] r ■ ^^^ 

Hence, if we suppose three bodies geometrically identical 
with the magnetized body, and having for densities A, B, 
and C, the magnetic potential is equal to the sum of the 
force components exercised by the first body parallel to tiie 
axis of X, by the second parallel to the axis of y, and by the 
third parallel to the axis of z. 
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186. Magnetic Force. — The differential coefficients of 
(he potential witli their signs changed are termed the com- 
poiientB of magnetic force. Outside the magnetized body 
these are the actual components oE the force which the body 
would exert on a north magnetic pole of unit inteneity. 

Ineide the body the actual force due to the body is 
indeterminate. In order to imagine that such a force should 
act, we must suppose a small cavity inside the body, and, in 
the case of a magnetized body, the force depends on the 
shape of this cavity. 

The components of the magnetic force are usually denoted 
by the letters a, ji, y. 

It is easy to see that the normal component of the 
magnetic force as defined above is not continuous when we 
pass from the outside to the inside of the magnetized body. 
This follows from the consideration that tlie normal compo- 
nent of that part of the force due to the surface distribution 
lA + mB + nC is diminished by AttQA + mB + nC). 

187. Magnetic Induction. — We can obtain a vector 
quantity whose components satisfy the solenoidal condition, 
and whose normal component at the boundary of the magnet 
is continuous, by adding to each component of magnetic force 
tlie corresponding component of magnetization multiplied by 
4n-, This vector quantity is termed the magnetic induction, 
and its components are usually denoted by tlie letters », b, c. 
We have, then, 

a^a + iTfA, b^fi + i^B, o = y + i7ra (8) 

Outside the magnet « = o, i = /3, c = y; and 

dS, d„ dK 

Inside the magnet 

(/(( db i^__^,y , (<^^ ^[^ ^\ 
d^ (hi dt \dx dy dzj' 

and, by (3), the right-hand member of this equation is zero ; 
accordingly, a, h, and c always fulfil the solenoidal condition. 
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At the surface bounding the magnet, in passing from a 
point outside to a point inside, la + w!/3 + nj is diminished 
by 4n- {lA + mB + nC) ; but outside the surlaoe ^« + m6 + hc 
is the same as la + j«/3 + «7, and inside the former exceeds 
the latter by ^ir {lA + mB + nC). 

Hence, in passing through the surface, the value of 
la + mb + tic is unaltered. 

It is now easy to see that the surface integral 

(/« + ?nb + nc)dS 

taken over any closed surface is zero. 

If the surface be altogether outside or altogether inside 
the magnetic body, this follows from taking the volume 
integral of 

da dh do 

If tlie surface B be partly outside and partly inside the 
magnet, the enclosed volume is divided into two parts by 
the intercepted portion of the surface of tiie magnet. Through 
each of these parts the integration may be effected, and in 
consequence of the eontiuuity of the normal component of 
magnetic induction, the two surface integrals which are taken 
over the portion of the magnet surface are equal in magnitude 
and opposite in algebraical sign, and therefore the surface 
integral of induction over the closed surface S is zero. 

188. magnetic Force and Magnetic Induction 
regarded as Forces. — If we imagine a small cylindrical 
cavity whose axis is in the direction of magnetization, and a 
north magnetic pole of unit intensity placed at the middle 
point of this asis, the actual force acting on this pole is the 
magnetic force wlien the cylinder is long and narrow, and 
the magnetic induction when the cylinder is short and broad, 

Ab the cavity is supposed to be small, the removal of the 
volume distribution with which it was occupied produces no 
sensible change in the force acting on the magnet-pole, and 
this force is therefore due to the volume distribution through- 
out the magnet, the surface distribution on its boundary, and 
to the surface distribution on the surface bounding the cavity. 
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In the case of a cylinder parallel to the magnetization axis, 
lA + mB + nC is zero except at the plane ends, where it is - / 
at the positive end, and + 7 at the negative. By (3), Art. (14), 
the force due to the surface-distribution is, therefore, 

m the direction of magnetization, where c denotes the semi- 
axis of the cylinder, and a its radius. 

When c is large compared with a, this expression becomes 
zero ; and when a is large compared with o it becomes A-kI. 
Hence, in the first case, the oomponents of the total force 
acting on the magnet-poie are <i, /3, 7 ; and in the second 
o + 4ir^, /3 + 47rfi, 7 + 47rC. 

189. Energy due to magnet. — When a magnet is 
placed in an independent field of force, if V denote the 
potential of the field at any point where there is a south 
pole of strength 9)?, the energy due to tlie presence of this 
pole is -9)iF, and that due to the corresponding north 
pole is 



F- 



If,""}- 



■where dh is the axis of the particle whose poles are ^ and 
- Wl. Hence the energy due to the particle is 



V be the direction-cosines of dh, we have 



dV , rfF dV dV 

dh ax dy d% 

also, ^dk = /(/©, and tliereforo 

^dV „ / ,rfF ^dV „ dV 
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Consequently, if JF'denote the energy due to the 
of a magnet in an independent field of force, 



w.\ 



dx 



,h 



(9) 



where A, B, f7 denote the components of magnetization of the 
magnet at any point where the potential of the field is V. 

190. Energy of Magnetic System. — Wlien the field 
of force is due to the magnets which are present, it is plain 
that if the magnetization be everywhere increased in the 
same ratio, the potential is likewise increased in this ratio. 
Hence, by reasoning similar to that employed in Art. 50, we 
see that, if JiT denote the energy of a magnetic system, and V 
its potential at any point, we have 



fF = i 



.<iV 



B- 



If we integrate by parts the expression for W given 
by (10), we get 



;[(a- + p' + r).e, 



where the last two integrals are taken throughout the whole 
of space. 

191. Ifector Potential of JUagnetic Induction. — 

"We have seen, Art, 187, that a, i, c, the components of mag- 
netic induction, fulfil the solenoidal condition throughout tlie 
whole of space, and that the surface integral of induction 
over any closed surface is zero. Prom hence it follows that 
this surface integral has the same value for any two surface 
sheets having a common boundary. 
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Hence the integral of induction taken over a surface- 
slieet S must be expressible as a line integral taken round 
the curve a whieh is the boundary of S. We have, therefore, 
an equation of the form 



j[(& + 



The directed magnitude of ■which F, G,Sa.re the components 
is called the vector potential of magnetic induction. 

192. istokes's Thenrem. — If tt, V, v> denote three func- 
tions of the coordinates, Stokes's theorem is expressed by the 
equation 



=!(»^ 



(12) 



where S is a surface-sheet, and s the curve which forms its 
boundary. 

To prove this, we observe that the terms in the surface 
integral which contain w may be written 

\[fdw m dii>\ ,,„ {{ fdio m dw\ . , 

lu this double integral x is regarded as a function of y and & 
given by the equation of the surface S. 

li -r to denote the differential coefficient of w taken on 
this hypothesis, we have 

d dw dm dx 

dy dy dx dy ' 

but the differential equation of the surface may be written 
idx + iiidy + «rf3 = 0, 

and therefore — = 
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,^ d dw m dw 
Hence T" "' "= :5 r :r ' 

If the terms containing m and v in the double integral be 
treated in a similar manner, we obtain the right-hand member 
of (12). If the axes be drawn in the usual manner so that 
counter- clockwise rotations round m, y, and z bring y to s, 
3 to X, and x to y, equation (12) shows that the direction of 
integration round s is counter-clockwise as viewed from the 
positive end of the normal to S. 

If the surface-sheet S be contained between two curves, 
the surface integral is equal to the difference between two 
line integrals. 

193. Determination of Vector Potential. — It follows 
from Stokes's theorem that as a consequence of (12) we may 



(13) 



where 5. >f. ? denote the current coordinates. If -F|, G\, Hi 
be three funotions of c„ ij, Z sa.tisfying these equations, it is 
plain that they will be satisfied also by 

F.'^ G,^'!i H,^'!i 

d^ ' di] ' dV 

where $ is any function of the coordinates. 

We see, then, that equations (13) are not sufficient to 
determine F, G, and H, and we may assume 

dF dG dll ^ ., ., 



m 


dG 


ii,i ' 


" «' 


ilF 


dH 


"(' 


' dl- 


iO 


dF 


di ' 


' d,' 
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From (13) we liaye 
db da _ _cPF tPG^ 
Ji' d,~ mi * inilZ, ' 



' dS\,lS * Ih * 



, tdB dA\ „ 



(16) 






Equation (13) is similar in form to that for determining 
the potential of an attracting mass. Hence apparently we 



-I(S-^)?' 



the integral beiug taken throiigli the whole of the n 
body. This integral is, however, indeterminate, as at the 
surface A, B, and Care discontinuous, and their differential 
coefficients in the direction of the normal infinite. 

If we integrate by parts inside the boundary of the 
magnet, we get for II the expression 

\1 j^ 



\[lB - mA riS + N 
We may therefore assume 



lis 



-li^] 



dxj r 



^'^i- 



(16) 



provided tlieee forms satisfy the differential equatioi 
and (14). 
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It is easy to see that this ie the tase, for sim 



(to 


'"if 


and A, S, C are not function 


5 of {, ,, 5, we liave 


dS dG 




d„ dl 





i id [B „ d [C 



ifS + 3,l^,fe|-(_-. + ^,jJ- 



(??J V dx dy dz) r J r ' 

(17) 

but, by (1), tlie first term in the right-hand member of (17) 
is a, and in space outside the magnet the remaining term is 
zero, and inside the magnet, when |ij^ coincides with js/ya, its 
value is 4nrA. Hence we obtain 

'^-^ ''<? 

-^--^-„.^.A-a. (18) 



mr,\T'^~dm\^'^' 

dG , i/M . . ., 

and expressing — and -^ in a similar manner, 

that 

<IF tjG dH_ 



iiishea identically. 
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194. Vector Potential of Magnetic Particle. — lu 

the case of a magnetic particle equations (16) become 

where 3K denotes the magnetic moment of the particle, and 
\,li,v the direction- cosines of its axis. 

If 01, Sj, ffs denote the (direction- cosines of r, we have 



where 3i denotes tlie angle wliioh a perpendicular to r and 
the magnetic axis makes with the axis of x, and e the angle 
between r and the magnetic axis. Hence 

F= ; — COS Si, G = -— coE^j, H=— COS 3-5. 

r r r 

Aooordingly, the magnitude of the vector potential of a 
9S sine 
magnetic particle at any point is — — - — , and its direction 

is perpendicular to the axis of the magnet and the line join- 
ing its centre to the point. 

If rotations from x to y, from y to s, and from s to x, 
be counter-clockwise, the rotation from the magnetic axis to 
radius vector is counter-clockwise as viewed from the positive 
end of the vector potential. The vector potential of a magnet 
of finite size is the resultant of the vector potentials of the 
magnetic particles of which it is composed. 

195. Magnetic Moment and Axis of Magnet. — 
The potential energy of a magnet placed in a uniform field 
of force is determined from (9) by regarding a, /3, y, the 
components of force in the field, as constants ; we have then 

-W = ajAd® + ^fB,m f 7 JCrf©. (19) 
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If we assume 
iAdiB = Kl. lBii^ = Km, lCd® = Kn, (^ + m= + «==!, 
then /, m, n are the direetioii-eosines of a line, acd we liave 

W^-KH cos y, (20) 

where M denotes the resultant uniform force, and 6 the angle 
between its direction and that specified by I, m, n. This 
latter direction is fixed in the magnet, and the direction of S 
is fixed in space. Hence the magnet is acted on by a couple 

dW 
expressed by — r^, that is, - KH sin 9, which tends to 

diminish and make the line /, m, « coincide with the 
direction of H. 

Accordingly, the magnetic moment of the body. Art, 181, 
is expressed by K, and I, m, n are the direction-cosines of 
the magnetic axis. 

If the potential of a magnet be expanded in a series of 
harmonics so that at an external point F, we have 

where '■ denotes the distance of /" from the origin, the first 

Y„ 
term — vanishes, since tlie total magnetic mass is zero, and 

T, 
in the second term, -r-, the spherical harmonic Y, is - ^cos B. 

r' ^ 

This is easily seen if we consider the expression for the 
potential energy IF due to the presence of a mass at the 
point P. In this case W is given by the equation 

If we now suppose r to become infinite, but — to be finite 

and equal to H, we have W = HY„ but as the energy is 
that due to the presence of the magnet in a uniform field 
of force whose intensity is S, we have JF" = - -HJT cos 9. 

Hence Y, = -K cos 0. 
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196. Magnetic Sliell. — A magnetic shell may be defined 
aa a surface magnetized at each point m the direction of the normal. 

In this ease, the expression for the magnetic moment of 
an element of the body is of the form IdvdS, where dS 
denotes an element of the surface, and dv an element of its 
normal, Tlie total magnetic moment of such a body is in 
general infinitely small ; but if we suppose Idv finite, this 
moment becomes finite. The quantity Idv is termed the 
strength of the magnetic shell, and may be defined as the ratio 
of the magnetic moment of an element of the surface to its 
area. If we put Idv = J, then J denotes the strength of the 
magnetic shell. 

When the strength of a magnetio shell is the same at all 
its points, t7"i8 constant, and the shell is said to be uniform. 

197. Potential of llnlfortu IHaguetlc Shell.— If i- 

denote the distance of an external point F from any point Q 
of the shell, by (28), Art. 54, the potential at P of the 

element of the shell at Q, is — j- cos ^, where e denotes the 

angle between /■ and the normal at Q,. 

But if rfiJ denotes the solid angle which dB subtends 
at P, we have r'^dO, = dS cob e. Hence 



and the potential Voi the shell at P is given by the equation 
V = Ja, (21) 

where Q, denotes the solid angle subtended by the shell at P. 

This potential differs in character from those with which 
we have hitherto been concerned, as it is discontinuous at the 
surface of the shell. 

If we regard as positive the side of the shell at which the 
north poles of the elements are situated, or towards which 
they point, the potential at the positive side exceeds that at 
the negative by 47rJ. 
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The solid angle Bubteoded at P by tlie shell is in g 
the same as that subtended by its bounding curve, but the 
two solid angles differ in some important respects. 

The solid angle subtended by the curve is continuous 
except at the curve itself, and in a circuit embracing the 
curve, by passing through its interior, is cyclic. Each time 
the circuit is completed the value of the solid angle is 
increased by 4n-. 

These characteristics of the two solid angles we shall now 
consider. 

The solid angle subtended by the shell at P with its sign 
reversed is the same as Gauss's integral of the normal com- 
ponent of force emanating from a unit mass at P. The sign 
is reversed, because in Gauss's integral the positive direction 
of )' is from P towards tlie surface ; but, in the present case, 
the positive direction is from the surface towards P. 

If P be on the positive side of the shell, the lines from P 
to the shell which fall inside the cone standing on the 
bounding curve meet the shell once externally, and possibly 
an even number of times afterwards. Those which fall out- 
side this cone meet the shell twice, or some other even number 
of times : first, externally, and then internally, and therefore 
contribute nothing to the integral representing the solid angle. 
Accordingly, the two solid angles are the same when P is on 
the positive side of the shell, and when P is infinitely near 
the shell on this side, each may be denoted by Q,^. 

When P moves across the surface of the shell from the 
positive to the negative side, the solid angle subtended by 
the bounding curve remains unaltered, but that subtended 



by the shell Becomes Q, - 47r. To see the truth of this v 
have only to suppose the closed surface completed of which 
the shell is part. Then, by Art. 26, the solid angle which 
the entire closed surface subtends at P is -4n- ; and it is plain 
that i2i denotes the absolute magnitude of that part of this 
angle which is subtended by the portion of this surface which 
has been added to the shell. Hence the solid angle subtended 
by the shell is - (4t - Q,)- 

The solid angle subtended at P by the curve bounding 
the shell is everywhere continuous unless P be infinitely near 
the curve. As P moves about, the variations of the two solid 
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angles are the same except wlieii F is passing through the 
surface of the shell. Henee we may take for the potentiiil 
of the shell at P the expression JQ,, where ii denotes the 
solid angle subtended at P by the curve bounding the shell, 
with the proTJBo that when P passes through the shell from 
the positive to the negative side, iJw must be subtracted 
from the foregouig expression. 

If ifi be a function of the coordinates of a point, and if 






closed circuit, li is ficyclic, but, if for some circuits — 

taken round the circuit be not zero, i/i is cyclic. If a closed 
circuit a be such that we can draw a surface S, of which s is 
the boundary, bo that at every point of 8 the function ;/- has 
differential coefficients «, v, tv wliieli are finite and continuous, 
then by Stokes' Theorem, Art. 192, tlie function i^i must be 
acyclic for the circuit s. Again, it a surface fulfilling the 
conditions stated above be bounded by two curves, s, aud Ss, 

the value of —ds taken round the circuit is the same for 

one of these curves as for the other. It is now easy to see 
that S2, tlie solid angle subtended at P by the curve s 
bounding the shell, is acyclic for every circuit which does 
not embrace this curve, passing through its interior. For 
since the difEerenfial coefficients of ii are finite and continuous 
for all positions of P not infinitely near the curve s, this 
follows immediately from what has been said above. 

If we suppose P to start from a point at an infinite 
distance on tne positive side of the shell and to move in a 
straight line to a point at an infinite distance on the negative 
aide, passing in its course tlirough the interior of the curve s, 
the solid angle £2 passes from to i-Tr. For if a unit sphere 
be described round P as centre, the edges of the cone having 
its vertex at P and standing on s initially converge to a 
point. As P approaches to s the cone opens out, and the 
area swept out on tlie sphere by the edges of the cone 
increases. After P passes through the interior of s, this 
area becomes greater than a hemisphere, and finally wlien P 
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reaches au iu finite distance on the negative side of tite shell, 
the edges of the cone again converge to a point ou the sphere 
which is novr opposite to that to which they originally con- 
verged. These edges have then swept out the entire sphere 
or 4ir. 

We may now suppose P to return to its original position 
along a path ou the outside of s, and such that all its points 
are infinitely distant from s. At all these points the difle- 
rential coefficients of Si are zero ; and lience the value of Q. is 
47r, when P returns to its original position. It is now easy to 
see, from Stokes's theorem, that for any circuit passing 
through the interior of the curve and embracing it once 



J <i^ 

Hence we conclude that the potential of a magnetic 
shell is expressed by a cyclic function, but tliat at the surface 
of the shell discontinuity occurs in the potential though not 
in the function. In consec[uence of this discontinuity the 
principle of the conservation of energy is maintained. 

In faot, if P start from a point on the surface of the 
shell, at the negative side, and travel round the edge of the 
shell till it reaches the point 0' on the positive side of the 
shell, opposite and infinitely near to 0, the function S2 in- 
creases by 4?r, but in passing through the shell from 0' to 
the potential of the shell is diminished by 4n-. Hence the 
value of the potential at is unchanged by the motion of P 
round the complete circuit, but the value of S2 is increased 
by 471-. 

198. Energy due to Magnetic Shell. — The energy 
due to a magnetic shell placed in au independent magnetic 
field is given by (9). If I, in, n denote the direction -cosines 
of the normal to the element rfS of the shell, and Jiis strength, 
we have 

Aim = JklS, B<m = J>ndS, GdB = JndS, 

and if a, ^', y' denote the components of magnetic force 
due to the field (9) becomes 

W=-Ji {la + nfj' + ny-) dS. (22) 
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199. Energy dne to Two Magnetic Shells. — If the 

magnetic field lie due to a second shell iS' whose components 
of force are «' /3' y', the energy W given by (22) represents 
the result of the mutual action of the two shells. 

Since the one shell is outside the other, we may in (22) 
substitute the components of induction for those of force and 
for the components of induction we may put the expressions 
given by (13), Art. 193. Thus (32) becomes 

where s is the curve bounding the first shell. 

The values. of F', G', H' , the components of the vector 
potential of the second shell, are given by (16), Art. 193. 
In this ease 

but B'd^' - J'm'dS, Cd« - J'n'dS', 

"^^-^' = ■''11'"' ;!©-''' !>©!"«' 

In Stokes's theorem (12), Art. 192, if we make 

u = ", v- 0, le = 0, we get F' = J' \~,- - dx', 
r ° J ds r 

where s' denotes the curve bounding the second shell. In 
a similar manner we have 

G- = J'\'^-ds', H' = J'\^,-d.,'. (24) 

}ds r ' J ds' T 

Substituting in (23) the values obtained for F', G', and H' 
we get 

Yrfs; dx' dij dij' ffe dz'\ 1 



=-^i](S: 



r -r -n I- ds ds' 
ds ds J r 



= _ J-J'mirfsrf/, (25) 
where £ denotes the angle between the curve elements rfs and ds'. 
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Section I. — Induced Magnetism. 

200. magnetic Induction. — When a body 
a field of magnetic force, in general its magnetism is altei 
The magnetism produced by the force is 
magnetism. When the magnetizing force i 
dueed magnetization is, in general, proportJ 
directional with the total magnetic for^ 
BO that if A% denote a component of induced magnetization, 
and a the corresponding component of the total magnetic 
force, Ai = ko, where k is a coefficient depending on the 
nature ot the body, and is called the ooefHcient of induced 
magnetization. 

It is easy to see that A, and a are quantities of the same 
order, so that k is a numerical, magnitude, which is positive 
in the ease of paramagnetic bodies, and negative in the case 
of diamagnetic. 

If Ai denote the component of tliafc pai't of tiie magneti- 
zation which is independent of induction, we have 

A = A, + Ka, £^B, + Kfi, C=Ci + Ky. (1) 

301. Magnetisiti due altogether to luAuctlon. — 

If there be no magnetism in the body independent of the 
■ ■ ■ " ■ - = C, = 0, and 

(2) 



induction due to the field of foroe, 


A,- 






^..o 


B 


-.ft 


0. 


In tliis case 


hy (3), 


Art. 


183, » 


elm 


dA dB 

dx dy 


dC 
d% 




dfi 

da 


^£) 


= - 4 


whence 




dA 


dB dC 


. 0. 



dB dC\ 
d!/*Aj' 

(3) 



dx dp dz 

When the components of magnetization fulfil tiiis con- 
dition, the distribution of magnetism is said to be mleimdal, 
and the potential corresponding may be regai-ded as due to a 
surface distribution of mass whose density is 

lA + mB -t nC. 
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202. Componetits of luflnctloti. — Wlien a body has 
no magaetism independent of tliat induced by the acting 
ioice, the components of induction ai'e given by the equiitions 

« = (1 + 4TrK-)«, /^= (l + 4.r^-)/3, (,-=(L + 4TK)y. (4) 

If we put 1 + 47r« = SI, the quantity w is called by 
Maxwell tlie specific magnetic inductive capacity, aad by 
Tliomson the magnetic permeability, and in the ease of a 
body magnetically isotropic, having no permanent magnetism 
independent of induction, we have, then, 

a = ma, h = Tsi^, c = ^7. (5) 

203. Disti-ibutiou uf luduced Magnetism. — Let U 

denote the total magnetic potential, inside the body in which 
the distribution of induced magnetism is to be determined, 
U' the total potential in the external medium; then, as the 
distribution of induced magnetism is solenoidal, and there is 
no other magnetism inside the field in which (7 and U' are 
to be determined, we have 

V'tr=o, v=Z7' = o, 

also U=U' at the surface bounding tiie magnetized body, 
and since. Art. 187, the normal component of induction is 
ooutinuous, 

.f.^"^-0, (6) 

dv dv 

wliere ra and ra' denote the coefficients of permeability of the 
body and the external medium, and, v and v the normals 
drawn into them at the separating surface. 

If V be assigned at the surface bounding the iield exter- 
nally, U and U' can be determined in only one way bo as to 
satisfy tlie given conditions. Let us suppose tliat the equations 
could be satisfied by two pairs of functions Uu U\ and JJi, U'l, 
and let 
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then, if & be the surface bounding the field exteiiially, we 
have 



+|'i'V'-? 



m^(Mim 



If we multiply the first of these equations by ra, the 
second by ra', and add, observing that at the surface S' we 
must have ijt' = 0, and that = ^' at S, we get 



4m 



<!'} \<iyj Us; 



WKST^dJKfJ^'- 



Since ^-^ + -n' 7-, = at S, and V'a = 0, VV = 0, 
dv ilv 

the left-hand member of this equation is zero. The coefiioients 
ra and ro' are always essentially positive, even if k or k' be 
negative. Henoe each member of the right-hand side, and 
each of the terms under the integral signs, must vanish 
separately, and therefore ^' = 0, = 0. 

204. External Mv4liuin not magnetic. — If the ex- 
ternal medium is not capable of being magnetized, we have 
k' = 0, ro' = 1 ; also 

where V denotes the potential of the forces producing the 
induction, and ii and II' the potentials, inside and outside the 
body, of the induced magnetism. In this case Fit 
to be given, and G.' is zero at infinity. 
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205. Anisotropic Medium. — When a magnetio medium 
is anisotropic or crystalline, the induced magLetism is not, in 
genera!, codireotional witli the magnetio force ; but the cora- 
poneuts of induced magnetization are linear functions of the 
components oi force, so tliat we have 

B = K^,a + Kn& + K^,y , (7) 

C = «,ia + K.=iJ + K,j7. ) 

By (y), Art. (189), we see that, to increase by ^a the force 
acting in the element rf©, the work required is - A^a, and 
therefore we conclude that 

da dp dy 

Hence k-h ^ kh, &o„ and (7) become 

A = KHH+K,.|3 + ^-ia7, \ 

S = KiaO + Kjs/3 + Ks,7, , (9) 

C = Kija + K33/3 + K337. ' 

20t!. Isotropic Ellipsoid in Field of Uniform 
Force. — If an ellipsoid, free from magnetism and sur- 
rounded by a non-magnetic medium, be placed in a field 
of uniform force, the distribution of induced magnetism can 
readily be determined. In fact, we may suppose the elHpsoid 
to be uniformly magnetized in a direction to be determined ; 
and if the conditions of the question can thus be satisfied, 
we know hy Art. 203 that we have reached the correct 
solution of the question. 

Let I denote the intensity of the induced magnetization, 
and X, fi, V its direction-cosines ; then, by (5), Art. 184, the 
potential V of the induced magnetism is given by the 
equation 

r = I(\Lx + fiMy + vNz), (10) 
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where, by (17), Art. 22, the constants L, M, iV denote 

, f" '/u _ 

and the two other integrals obtained by intercljanging b and c 
with a. Hence, if the components of the uniform force due 
to the field be denoted by F,, Ft, F^, the total magnetic 
force n, parallel to the axis of <c, is Fi - I\L, and we have 

with two similar equations. Accordingly, we get 

(1 +kZ}/A = Ki^,,\ 

(1 +kM)Ih= kfA (11) 

(l + KiV)/v= kF,.) 

The values of /, A, /t, and v obtained from these equations 
satisfy the conditions of the question. 

207. Anlsotro|)ic Klli|»sui<l surroMiiilert hy IVon- 
Blagnetic Medium !■■ Viilform Field of ]<'urce. — 

In this case, if we proceed in a manner similar to that of 
the last Article, we get 

I\ = Kn{F, ~ I\L) + kAF, - I,^M) + K-,,(F, - 1„N), 

and two similar' equations ; whence we have 

(UKnL)IX+K,,Mfy+K,,^Iv=K,,F,+KnF,+K,,F,A 
,:,^LIUa+K^M■)I^l+K,,IfIv=>c„F,■\■K,,F,+K^F, \ (12) 
K^JJ\+KnMIix+{l+K,,)IiIv^KnF+K^Fi+ii^F>.. 

Hence I, A, u, and v are determined. 
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Skction III. — Tcrvpstrial Magiiethm. 

208. Earth's Magiietiu Potential. — The conipoiieiits 
of the Earth's magnetio force at any place can be deter- 
mined hy obaervation. This can be done either by finding 
the time of oscillation of a magnet, free to move in a 
liorizontal or in a vertical plane, when disturbed from its 
position of equilibiium, or by arranging a position of 
equilibrium under the combined action of the Earth and 
miignets whose strength and poeition are known. Tlie 
investigation of the Eartli'a magnetic potential was initiated 
by Gauss. In the British Islands some of tlie earliest observa- 
tions were carried out by Lloyd in the magnetic observatories 
of Trinity College, Dublin. 

When the Earth's horizontal force has been determined 
at a sufficient number of places, the question of the existence 
of an acyclic magnetic potential can be investigated. 

If s denote any portion of a closed path on the Bartli's 
surface, M the horizontal component of magnetic force at 
any point, and the angle wliioh Its direction makes with 
that of s, on the liypothesis that a magnetic potential V 

dV 
exists, we have S eos 6 - — ;-. Hence, if an acyclic 

as 
magnetic potential exists, JJS'oosflrfs taken round the closed 
path is zero. By finding a sufficient number of vahies of 
H and fl the numerical value of the integral can be deter- 
mined approximately. In fact, if Si and Hi correspond to 
stations not too far apart, we have 

f" iToos 9ds = \ (ffi cos e, + H, cos 6,) (s, - s,) 

approximately. It is found in this way that jRoosdds 
taken round a closed path is always zero. 

Hence we conclude that the magnetic action of the 
Earth can be represented by an acyclic potential, and con- 
sequently that electric currents passing from the outer 
atmosphere to tlie ground cannot be the cause of any part 
of this action. 
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209. Locality of tlie ;Soarce»i of the Kartli's 
Magnetic Force. — If the Earth's magnetic action be due 
to magnetism, or closed eleotric currents in its interior, the 
magnetic potential V at any point P outside its surface can 
be expanded in descending powers of *■, the distance of P 
from the centre of the Earth. The difference between the 
numerical values of V &t any two places can be determined 
irom observations of the horizontal force, If the magnetic 
action be due to magnets or currents outside, the potential 
at any point nearer to the centre than the nearest of these 
sources of action can be expanded in ascending powers 
of )■. 

Hence for a point P close to the Earth's surface at its 
exterior we have 

v^s-U:— + 2r;-Ji' (1) 

where a denotes the radius of the Eartli and Fi and Yi 
spherical harmonica. At the surface of the Earth 

and if «; denote a coefficient in Ui, and bi the coefficient of the 
corresponding term in Yi, the coefficient of this term in V is 
(li + bi. By taking a sufficient number of numerical values 
of F'at known places on the Earth's surface we can deter- 
mine as many of these coefficients as we please so that 
we may regard at 4 bi as known. 

If we now consider the vertical component Z, towards 
the centre, of the Earth's magnetic force, we have 

Z=-^= ■2.iU~-^{i+l)Yi~. (2) 



At the surface i^i) bfcomes 
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Hence, from the observation of a sufficient number of 
values of Z we can determine 

«-,-(•■ +1)4,, 

and consequently «i and Oj are each known. 

It is found that «i is always zero, and accordingly we 
oonolude that the Earth's magnetic action ia due altogether to 
sources inside its surface, and that V, the potential of the 
Earth's magnetic action, is given by the equation 

V-SYi^^. (4) 

210. Earth's nngitetiv Poles.— A magnetic x^ole is a 
point at which the horizontal force vanishes. At such a 
point this force changes sign so that at each side of the pole 
the same end of the needle points towards the pole. 

If there be two poles of the same kind on the Earth's 
surface in going from one to the other along a magnetic 
meridian, the horizontal force must change sign and therefore 
vanish. Hence there must be a third pole between the two 
former. The end of the needle whicli pointed towards tliese 
poles points away from the iuterraediate one at each side. 

As a matter of faot there are only two magnetic poles on 
the Earth's surface, and these two are o£ opposite kinds. The 
proximity of these poles to the extremities of the Earth's 
axis of rotation appears to indicate a oonuexion between the 
Earth's magnetism and the Earth's rotation. From the 
properties of electric currents it is easy to see that such 
currents circulating round the Earth, and approsimafcely 
parallel to the equator, would account for the magnetic 
phenomena exhibited. 
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211. Introductory. — Not long after the disoovery of 
current electricity it was observed by Oersted tbat a wire 
through which an electric current is passing exercises an 
attractive or I'epulsive force upon the pole of a magnet- 
needle. It was found also that wires along whicli electric 
currents are passiug attract or repel one another. 

By a combination of experimental and mathematical 
investigations Ampere succeeded in arriving at the laws 
wliicli regulate the attraction of currents ou each otlier and 



His original investigations must ever be regarded aa 
worthy of the highest admiration, but some of his experi- 
ments, combined with the theoretical developments of other 
physicists, enable us to arrive at his results by methods 
shorter and simpler than those employed by him. 

212, Electric Currents. — An electric current may be 
produced in various ways; but in all cases the maintenance 
of an electric current requires an expenditure of energy 
supplied by an external source. 

The source of energy may be eliemieal, aa when two 
substances unite ohemically, or raeclianieai, such as the 
action of a steam-engiue or water-mill, but in all eases there 
must be a source of energy outside the current itself on 
which its continuance depends. The force due to an electric 
current is not therefore a permanent natural force, and pro- 
positions depending on the principle of energy cannot be 
applied to it in the same manner as to gravitation, or to the 
attraction of static electricity. 

The currents whose attraction we are about to consider 
are thoso transmitted along a wire of small seolion. 
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The quantity of eleotrioity which passes through an 
orthogoual section of the wire in the unit of tinie is called 
the strength of the citn-ent. The quantity which passes 
through the unit of area is nailed its intensitj/. When a 
steady current ie established, the strength is uniform through- 
out the wire. The force which causes and keeps up the 
current is the eleotrio force. Wlien there is a potential 
i-orresp ending to this force, the force is the rate of diminution 

of the potential, or — t-, where s denotes an element of 

length along the wire. As the current is supposed to be 
constant, this force must be equilibrated by another of equal 
magnitude. 

The current is thus analogous to the uniform motion ot a 
body eliding on a rough surface. 

The retarding force on a unit of electricity is found to be 
proportional to the intensity of the current, that is, its 
strength per unit of area. 

Thus we have 

an (T 

where A is a coefficient depending on the material of the 
wire, ff denotes the area of its section, and * the strength of 
the current. If we integrate the equation above, we get 

F, - 

If li and a be constant, this becomes 

Fi- V, = -li= Hi, (1) 

where I denotes the length of the wire, and R = —. The 

quantity H is termed the resistance of the wire. 

If V, - Va, the difference between the values of the 
potential at the extremities of the wire, be denoted by J?, 
equation (1) may be written 

Jl. Bi. (2) 



•I^ 
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Thia expresses wliat is called Ohm's Law. JS is termed 
the ekciromotwe force, and may be defined as the difference in 
potential betieeen the extremities of the wire, or, more generally, 
as the line integral taken along the wire of the electromotive 
intensity. 

The term ' electromotive force ' applied to tliis integral 
seems highly objeotioiiahle, hut is sanctioned by long usage. 

^13. Solenoids. — If a wire he heut into the form of a 
circle, not quite closed, he carried on for a short distance at 
right angles to the plane of the circle, bent into another circle 
equal and parallel to the first, carried on again, and so on, 
and finally brought hack in a etraiglit line perpendicular to 
tlie planes of the circles and close to the connecting portions 
of wire between them ; and if an electric current be sent 
through the wire, we obtain what is termed a solenoid. As 
the portion of the current whioh is perpendicular to the 
planes of the circles consists of two parallel parts close 
together and flowing in opposite directions, it produces n<i 
attraction on a mag net- pole, and the solenoid may be 
regarded as being composed of a number of equal circles 
whose planes are perpendicular to a straight line passing 
through their centres. 

It is found that at distances which are large compared 
witli the diameter of one of the circles, the solenoid exercises 
the same action as a linear magnet. 

If <T denote the area of one of the oirclee, S the perpen- 
dicular distance between two of them, I the length of the 
solenoid, and i the strengtli of the current, it is found that 
the magnetic moment of the solenoid is expressed by 



The magnetic moment of a linear magnet of equal length, 
made up of small magnets having each a magnetic moment fi 

and an axial length h, is expressed by - 1. The axial length h 

is the distance between tlie centres of two ot the small magnets 
of which the linear magnet is composed. If the moment of 
the solenoid be equal to that of the magnet, and if we suppose 
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Ae the equivalence of the solenoid to the maginefc holds 
good, whatever be the number of circles in the solenoid, we 
conclude that, 

A small circular current ia equivalent to a small magnet 
whose centre coincides with that of the circle, whose asis is 
perpendicular to the plane of the circle, and whose moment 
is equal to the area of the circle multiplied by the strength of 
the current. 

The equivalence of a solenoid to a linear magnet holds 
good equally well if another plane curve be substituted for a 
circle, and becomes more rigorously true according as the 
diameter of the curve is diminished, compared with the 
distance of tlie magnet on which the solenoid acts. Hence 
we conclude that, 

The magnetic action of an infinitely small electric circuit 
is equivalent to that of a magnetic particle whose asis is 
surrounded by the circuit and is perpendicular to its plane, 
and whose magnetic moment is equal to the area of the 
circuit multiplied by the strength of the current. 

214. Equivalence nt'Glectrlc Circuit to Magnetic 
Hitbell, — If a single-sheeted surface be described of which an 
electric circuit is the boundary, and a network of lines be 
drawn on this surface dividing it into a number of small 
elements, the electric current is equivalent to a current of 
equal strength circulating in its direction (clockwise or 
oounter-olockwise) round each of these elements. This is 
obvious if we remember that along the boundary line 
between two adjacent elements there are two currents in 
opposite directions, one for each element. As these currents 
are equal, they neutralize each other ; and the only current 
which remains uncompensated is that in the outer boundary. 
By increasing the numbei; of lines in the network, the size 
of each element can be diminished without limit. 

From Art, 213 it appears that the electric circuit 
embracing the element dS of the surface is equivalent to a 
magnetic particle whose axis is pei-pendicular to dS and 
whose moment is idS, where i denotes the strength of the 
current. 
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Uence, the total eleotrio circuit is equivalent, to the 
assemblage of small magnets, normal to the aarface S, 
whose moments are tlie areas of the elements surrounding 
the magnets multiplied by the strength of the current, that 
is, to tiie magnetic shell whose surface is 8 and whose 
strength is i. 

215. JWagiietic Potential of Electric Circuit, — 
Since the magnetic action of an electric circuit is the same 
as that of a magnetic shell bounded by tiie circuit, the 
magnetic potential of an electric circuit whose strength 
is i at a point P is expressed by »i2, where Si denotes the 
solid angle subtended by the circuit at P. Tliis potential is 
continuous everywhere except at the circuit itself. 

For any closed curve not passing through the space 
surrounded by tlie circuit the potential is acyclic. 

For a curve passing through this space and embracing 
the circuit the potential is cyclic, and the value of the cyclic 
constant is ^vi. 

These characteristics of the potential show that in moving 
a magnet-pole round a closed curve which does not embrace 
the circuit no work is done, but that in moving the unit 
pole round a curve embracing the circuit and passing 
through its interior, if the direction of motion be opposed 
to the force, work is done represented by 4n-i. 

If we imagine a person to stand on the positive side of 
ft shell equivalent to the current, that is, on tlie side towards 
which the north poles point, the current as seen by him will 
circulate counter-clockwise, and if a person is placed lying 
along the current which enters at bin feet and goes out at 
his head, the motion of a north magnetic pole moved by 
the current round his body will as seen by liira be counter- 
clockwise. 

The first of these statements is dednoible from the 
experiments made on solenoids; the second follows from 
the equivalence of the current to the magnetic shell. 

216. Magnetic Force of Currents. ^ — Since an electric 
circuit is eqnivalent to a magnetic sliell, the components of 
force due to the current are in space outside the shell the same 
as a, /3, 7, the components of magnetic force due to the shell. 
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Outside the shell a, J3, y are the same as a, b, c, the com- 
ponents of induction due to the shell, At the shell a, (5, y 
are disooatinuoue, Art. 186; but since the magnetiaation of 
the shell is normal to its surface, a, b, c are continuous, Art. 
187. The force -components of the current axe everywhere 
continuous except at the current itself. Hence we conohnle 
that for all space outside the current, the components of its 
magnetic force are expressed by n, b, c, being the same as the 
components of iuductiou of the equivalent maguetic shell. 

217. Energy due to iireseiave of Electric Current 
111 Independent inagnetlc Field. — Let «', )3', y' denote 
the compoueuts of magnetic force ; a', b', e' those of induction, 
due to a magnetic shell S equivalent to the cuiTent; a, /S, y 
the components of maguetic force; a, l>, o those of induction 
due to the field ©, and A, B, C the componenta of its mag- 
netization. Let U denote the energy due to the presence 
of the shell in the field, and W that due to tlie presence of 
the current. 

By Art. 216 and (9), Art. 189, we have 

T) = -\{a'Av^'B + y'C)d^, 

W- -l{a'A + h'Ii + c'0)d<B. 

Except at the surface of the shell, a' = a', b' -^', <! = y' \ 
but at 8 we have 'i'(/® - a'rf® + 4ttj'MiS, where I denotes llie 
direction -cosine of the normal to 8, with similar equations 
for b' and c'. 

Hence W ^ V - 47r« J {lA + mB -v nC) dS. 

Again, by (^^2), Art. 198, 

U=-i\{la + m^ + ny)<lS, 



W = 



J J {/a + md + ny + 47r(lA + mB + nC)]dS 
ii{la + mb-i-nc)dS. (3) 
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218. Farce-€oiitponeiits uf Current expressed as 

Integrals. — If «, b, c denote the components of magiietio 
induction due to a shell equivalent to the current, by Art. 193, 
and (^4), Art. 199, we have 

dH dG_d_i:iii^ d Udy' 
dy dz dy \ V dz\ r ' 
where x', y', z' denote the coordinates of a point on the 
circuit, and r the distance between this point and the point 
X, y, %, and the integrals are taken round the entire circuit. 



iSinee 



_1 \ 

■fdy' z - 

\ds- 



1 y ->/ 



Udy'_ z-^ _ cl^ y - y' \ ds^ 
i\d/ ' V ds'' T J t" 



with similar expressions for b and c ; and if F,, Fi, F^ denote 
the oomponente of force exercised by a circuit of strength i 
on a magnet-pole of strength m, situated at the point x, y, », 






dz' y -- y'\ ds' 



fdx' y-y' di/ i 



\ds' 



ds' 



219. Furee exerted by GlemeDt of Current on 

Magnct-lPole. — The components of force given by (4) are 
the sums of the components of force contributed by the 
various elements of the circuit. 

Hence, the circuit acts as if the force -components due to 

a single element ds' of a current whose strengtfi is i, acting 

on a magnet-pole of strength m, were exjiressed by 

imds' fdy' s - s' dz' y-y'\ 

r' \ds' I ds' r /' 

imds' /da^ x-x' d^' z-^\ 

r' \ds' r ds r y' 

inuh' Idx y-y' dy x-afX 



\ds' 



ds' 
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'J'liat these are tlie actual force- components due to a current 
element is shown at tlie end oi this Article, 
In ttie above equations, 

dx' dii' , dz' 

-TT, -fi, and — , 
rts di m 

are the direction-cosines of the current element ds', and 



those of r. Hence, if 6 denote the angle between d&' and r, 
and hi, Sj, &3 the direction -angles of a perpendicular to their 
plane, the force-eomponenta due to tlie current element are 
expressed by 

im sin fti/s' „ im sin tfir/s' . im sin Qd»' 

~ cos &i, cos 3s, ; 003 Sj, 

r- r' r 

Hence the force which a ouiTent elenient rf«' of strength / 
exerts on a magnet-pole of strengtli m is perpendicular to 
the plane containing the pole and the current element, and 
tends to make the pole move in a counter-clockwise direction 
round the current element, along whicii the observer is sup- 
posed to be situated with the current entering at his feet and 
going out at his head. The magnitude of the force is 
im amBdn' 



Tiiis result can be proved directly from the expression for 
the magnetic potential of the circuit. 

If we suppose an element ds' of the circuit to be free to 
undergo a displacement under the action of a magnetic pole m, 
the work done by the force in tills displaoement will be equal 
to the loss of potential energy of the system. 

The potential energy Woi the system is denoted by mSi, 
where Q, is the solid angle subtended at 711 by a surface S 
bounded by the circuit. 

Let ds' receive three displaeemeots : one, S?, along ds' 
itself ; one, Sij, perpendicular to ds' in the plane of ds and r ; 
and one, dt,, perpendicular to the two former. Ki does not 
alter the surface 8. The displacement S»j by the motion of ils' 
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generates an increment of the surface S, but the element of 
surface so generated is in a plane containing r ; and, as its 
normal is perpendioular to i, it subtends no solid angle at m. 
The displacement SZ alters iSby the amount rfs'SS, and (he 
normal to this element of surface lies in the plane of r and d/i', 
and is perpendicular to the latter. Heuoe, if denote the 
Jingle between rfs' and r, the angle between r and the normal 

h ri-O- Accordingly, the element of solid angle subtended 

at m by the element of surface is 



and therefore ^W = im ^Q, = ^ — '- SZ- 

Hence the force between m and ih' is in tho direction of 
the displaeement S^, and is expressed by 
hii sin e<h' 



The direction in which the force exerted by ds' on m tenda 
to move the latter is in the direction in which the solid angle H 
at m is diminisMng. Thus, we arrive at the results already 
stated. 

320. £nergydae to iiiatual action of two Electric 
Circulte. — Since the action of each circuit in space outside 
itself is the same as that of a magnetic shell, if W denote the 
energy due to the mutual action, by ('■^S), Art. 199, we have 

W = -ii'{^^dsds'. (5) 

It is here assumed that the strength of each current is 
maintained constant. 

331. Forces between two Electric Circuits. — 

If X, Y, Z denote the components of tlie force acting on a 

current element in consequence of the mutual action between 

the cireuits, for any system of small displacements we have 

S(XS»+ Yly^m%) = -lW. 
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In order to determine the variation of Wvi& must express 
008 £ in terms of r and its differential coefficients. 

If :e, y, s denote tlie coordinates of an element, ds of one 
current, and x', y', %' tliose of an element, cW of tlie other, 
and r the distance between these elements, remembering that 
.r, y, z are functions of s, and of, y', s' of s', and that s and / 
are independent of each other, we have 

!•• - (« - /)■ + 0, - ./•)' 4 (S - Z)\ 



■(»--') ,t; + (!'-/): 



'/r ilr ifr _ iiix dof dy dy' ds de"\ 

ila tk' duds' \d» ds' ds ds' ds ds j 
Substituting for ooa £ in (5) we get 

W = i i' [[(■^ + 1 * i^') dsds' 
]]\dsds' r ds ds) 

Tlie first term under the integral sign oan be ini 
round either circuit, and, as the circuits are closea 
vanislies. 

n^-ii'\\\H'^'^*"4-."^P)^"-^%.%\'^i'' 



Jll 



\ds ds ds' ds ) ds ds' 



If WG integrate by parts the first two terms, since the 
circuits are closed, the single integrals vanish, and we have 

* J r'- 1^" -j~ i - .1,.' I j^M .. J.. 1 1 



■ ds (Is 
3 ifr 1 i(r (ft- 1 



...ffiaeos. 3 d, ir] . , ,, 

= * i' ^ j COS E + ^ cos ff cos 9' j gr ds ds', (fi) 

where and W denote the angles which r makes with s and s 
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Meiiee 



l^(co 



iseoosO' U/srfs'Sr. (7) 



Aoeordiugly, the forces due to tLe mutual actiou of the 
circuits are equivalent to a system of forces acting in the 
lines joining the elements of one oircnit to those of the other. 
If R denote the magnitiide of the force acting in the line 
joining the elements ds and ds', by (7), we have 

i^ = IT ( cos e + ^ cos 6 cos &' j ch da'. (8) 

The negative sign siiows that the force between tlie 
elements is attractive when the currents ai'e both approaching 
the shortest distance between their lines of direction. 

The magnitude of H was discovered by Ampere. He 
assumed that the direction of the force between two current 
elements is the line joining them. 

In t}ie investigation above, nothing has been assumed; 
but it has been shown that two closed currents act on each 
other as il' there were a force jR along each line joining an 
element of one current to an element of the other. 

So far as this investigation goes there may be other forces 
acting between each pair of elements, but these forces must 
be such as to produce no effect on the total action between 
two closed currents. 

If Ui, JJi, and Us denote three functions of * and s', in 
addition to B acting along r, there might be three forces ; 

-~dsds' parallel to the axis of X, 



due to the action of ds' on ds. 
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In this case tlie total force parallel to the axis of « aotiug 
on ds, resiiltiiig from tliese forces, woiild bo 

dx —r-r ''*■', 
J </-s 

taken rouml the closed circuit s', and this would be zero. 

As the espresaion for the force between two elements 
must be symmetrical with respect to these elements, tho 
force exercised by ds on ds' parallel to the axis of x would, 
in tliis case, be 

—— ds da ; 



and as this must be equal and opposite to the force exercised 
by rf«' on ds, we have 



Again, as f is a function of n 



, and therefore 

U, ./,(■">')■ 
In like manner, 

r, -/;(,, -s'), u, ./,(,-.'). 

^22. Force uit Curretit Uleineut In Hagiietiu 
Field. — If X, jt, V denote the direetion-oosinea of a current 
element ds, we have seen, Art. 219, that the components of 
the foi'Oe which a magnet-pole exerts on ds are 

(^7 - v/3) ids, {va ~ Xy) ids, and (A/3 - ^a) ids, 

where a, /3, 7 denote the components of the magnetic force 
<lue to the magnet-pole. 
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If there be any number of magnet-polea, the coraponeuts 
of force acting on da are, tlierefore, 

1 ^ (71 + 7i + 73 + &c.) - y Oi + /3-j + /3j + &c.) i ids, &c. 

Hence, if X, Y, Z denote tlie components of force acting 
oil (h in a magnetic field whose force components are n, j3, y, 
we have 
X^i{l^y-v^) ds, Y= i{va-\y]d^, Z=i{'X^~,m)d«. 

(9) 
22s. Force exercised toy €lo»<ed Circuit on 
Element of anotiier. — The closed circuit s' is equivalent 
to a maguetio shell, and the components ot its magnetic 
force are a', b', c', the componenta of induction due to the 
sliell. Hence, if X, Y, Z denote the components of tlie 
force exerted by s' on ds, we have 

X-i{li<i'-vb')ds, y=i{va'~\o')ds, Z=i(Xb'-,,a')d8. [10) 

If F', G', H' denote the components of the vector potential 
of s', by Art. 193, we have 

, ^ ^' __ rfff ' 

dy dz'^°" 
wlienee by substitution we obtain 

\'''\dx dy ) " \ rfs dx J I 
. 1 rfj» dG' dll' /'I d d\ ^„i , 

= ']^-d^^''-d^^"^-[^dx '- " -di> ^ " rf.r I 

Accordingly, 

_ . j , dF' dG' dW dF'\ ^ \ 
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224. Inflaence of !Uediuiu. — Faraday disoovered that if 
one coating of a Tjeydeu jar be raised to a given potential, 
and the otlier coating he at potential zero, the charges on 
the two eoating-s depend on the insulating medium interposed 
between tliera. 

The theory that eleotncal action is merely aotion at a 
distance, independent of the intervening medium, had there- 
fore to be abandoned, and it heoame necessary in stndying 
electrioal phenomena to take into account the changes in 
the non-conducting media, or dieleetries, interposed between 
conductors. 

The primary medium is space devoid of matter but 
supposed to be occupied by what is called tiie Iiiminiferous 
ether. Such a space is called a vacuum. In ordt-r to explain 
the observed phenomena Faiaday originated, and Maxwell 
completed, a theory which regards the dielectrics interposed 
between conductors as the pi-imary seat of electrical aotion, 
and looks upon apparent action at a distance as a result of 
changes in the intervening medium. 

A complete mechanical explanation of electrical pheno- 
mena, or a full and consistent theory of the nature of the 
ether, does not seem to have been reached as yet. 

It is therefore necessary to start with assumptions, as 
to the electrical properties of dielectrics, based on observation . 

These assumptions are statements of supposed facts which 
enable us to explain observed phenomena, but which them- 
selves await a further and more complete explanation resting 
on the nature of the luminiferous ether. 
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225. Electric Misplaccuiciit or I'ttlaiixatiou.— 

When a conductor is electrically excited the conductors in 
the vicinity become electrically excited also, and a change 
is produced in tiie intervening medium or dielectric whereby 
at each point a directed or vector quantity is brought into 
existence in the medium. 

This directed quantity is called by Maxwell the oleciric 
displacement, and by Professor J. J. Thomson the electric 
polarization. The latter term is no doul)t soientifioaliy the 
more correct ; but the word ' polarization' is used so frequently, 
especially in the theory of light, that Maxwell's term is in 
practice the more convenient. 

In order to bring about this change in the dielectric the 
expenditure of work is required. If the electric displacement 
per unit of volume be denoted by D, and its components 
hy /> ?> ^, tlie expression for the total work SC per unit 
of volume, required to increase D by SD, is of tlie form 
XS/ +Yly + ZBL 

The quantities by which S/, Sf/, and SA are multiplied in 
tliis expression are called the components of the electromotive 
intensity S. 

It will be shown that the vector quantity thus defined has 
projjerties for the most part the same as those which belong 
to the electromotive intensity in the theory of action at a 
distance. 

Since X&fctxdy<lz represents an element of work, X^fdxdy 
is of the nature of a mechanical force. Hence, if S. be 
regarded as of the same nature as the force acting on the 
unit of electricity, fdxdij may be regarded as a quantity of 
electricity, and./ as a surface -density. 

In an isotropic dielectric whose properties are tlie same 
iu every direction, the eleotromotm inteimty is co-directional 
icith, and proportional to, the electric displacement. Henoe for 
such a dielectric we may write 

47r/= kX, 'kirff = kT, Airh = hZ. (1) 

The constant k depends on the nature of the dielectric, 
and is called its specific inductive capacity. 

Since / is of the nature of an electric surf ace -density, 
by (5), Art. ^9, k must bo a numerical quantity. 
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226. Eiieigy due to Electric IlisiilaceiMeiit.— T t U 

denote the energy per unit of volume due to an electric 
displacement, by Art, 324, we Imve 

Substituting for X, F, Z, from (1) we get, by integration, 

-l(V+^!7 + -2'''). (2) 
Hence the total energy W, stored up in au isotropic 
dielectric @ iu eonaeqiienee of an electric displacement, is 
given by the equations 

^='^l\ -/>''^® = g^ [ -^i''^® = i [ liT->'i®. (3) 

The seoond of the expressions for W given by (3) iliffei's 
from that in Art, 77 only by containing the factor k. 

227. CoiidMet«rs and Currents. — A permanent electric 
displaoemeiil: cannot be set up in a couduotor, but passes away 
immediately if not renewed. A displacement wliioh is con- 
tinually passing on and being continually renewed constitutes 
an electrio current. The intensity of a current is the rate of 
change of the cori-enpoiiding displacement- When a conductor 
in electric equilibrium is situated in a dielectric in which 
there is a displacement, it constitutes a boundnry to the 
dielectric; and the surface integral of the normal component 
of the displacement taken over the conductor constitutes 
what is called the charge on the conductor. 

238. «(ulenoldal lllstributlwn at Uispl a cement. — 
If a closed curve be drawn in a dielectric, and through each 
of its points a line be drawn in the direction of tlje electric 
displacement, we have what is called a tube of induction, or, 
in the iauguag-e of Professor J. J. Thomson, a Faraday tube. 
Such a tube terminates at eaoh eud on a conductor, and, 
whatever be the electric charge at one end, an equal and 
opposite charge is found at the other. In an isotropic medium 
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tubes of induction are ia tlie same direction sis tubes of force, 
and, are therefore at right angles to tlie surface of a conduetor 
in eleotrio equilibrium. Hence, if the tube be small, the 
positive displacement over the normal section directed into 
tlie tube at one end is equal in magnitude to the negative 
displacement directed into the tube over the normal section 
at the other end. Hence if Si and Sj denote the two normal 
sections, and i), and Dj the two displacements in the positive 
<lireotion of the line of induction, we have DiSi = DA- 

We oon<!lude that, for any small tube of induotiou drawn 
in the dielectric, the product of the displacement and the 
iiormal section is constant. 

iFrom tliis it follows that, ii any closed surface S be 
^3rawn whose interior is occupied continuously by tlie dielec- 
tric, and if /, m, n denote the direction-cosines of the normal, 
we have 

/(//+ my -V nh)dS = 0. 

For, if 1^ be the angle which a line of induction makes with 
tlie normal to tiie surface at any point, 

2)2 = i> cos ^ dS = (// I- t>tg + nh) dS ; 

and, as every tube of induction is cut twice, or some other 
even number of times by the closed surface, 

/(//+ wff + nh}dS = i-Doos4,dS= 0. (4) 

If the volume enclosed by S be the element dxd;/ rfs, we 
obtain 

fdi/ dz -if + -J- dx \ dy dz + <j dz ilx - [fj ^ -^ dy\ dz dx 

+ hdxdij - I A + — d%\d-xdy = (); 

thati., 'f.^'bi. -,'"'. a. (5) 

dx dy d% 

This equation expresses a fundamental property of the 
electric displacement, and is analogous to the condition 
fulfilled by the components of velocity in an inoompreasible 
fluid. 
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lu the case of a conductor, /, g, h caouot exist esoept in 
the foi'm 

''{rff, &c. ; 
at 

but the Bolenoiiinl ociiditioii is still fulfilled, so that for a 
<iondtictor we have 

(6) 



229. CoiDjtaiicy of Charge ou Insulated €oit- 
■fluct«r.— If a conductor be insulated, its bounding surface, 
or surfaces, remains unoiiaiiged, and throughout the conductor 
by (fi) we have 

d <// (( tig ± l^_r. 
dx dt '^ dt/ di'^ ds dt ~ 

Multiplying by dx dy dz, and integrating, throughout tho 
conductor we get 



!('; 



dt] 

Heucu j' {If + mg + n/i) dS, taken over the surface or 
surfaces of the oonduotor, is constant. 

Wlien a conductor is touched by another conductor, the 
bounding surface of the space through which tlio integration 
is effected is altered, and there is no longer any ground for 
asserting the constancy of the cliarge. 

230. nisplacemeiit due tu Electrified l^pheri!. — 

If a conducting sphere, of radius n, placed in an isotropio 
medium, be uniformly electrified, the lines of force and of 
induction are perpendicular to its surface and pass through 
its centre, since there is perfect symmetry round this point. 
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Hence the sphere is in eleotric equiLibrium, and over any 
concentric sphere of radius )■ the diaplaoement TJ is uniformly 
distributed ; and if Do denote the displacement at the surface 
of the sphere of radius a, we have 4n-r'i) = iva^Da = e, where 
p denotes the total charge on the electrified sphere. Hence 

If a be sufficiently small, we may regard the sphere as 
ao electrified particle. 

The electromotive intensity R ia given by the equation 

and we have the result, that in an isotropic medium the 
force due to an- electrified particle varies dii'ectly as the 
charge on the particle and inversely as the square of 
the distauce. 

231. Energy due to two Somali Klectrifled 
Srpheres. — Let the radii of the spheres be denoted by a aud 
(3, and the spheres themselves by A and B. The electro- 
motive intensity due to the sphere A, on which there ia a 
charge e^, is by Art, 229, on the hypotheeia that the charge is 

uniformly distributed, -r— j, where »■, denotes the distance 

from the centre of the sphere. The electromotive intensity 

due to the sphere B is in like manner ----- 

Tt is plain that the resultant force may be derived from 
a potential function V, where 

kV = -+ ^ = A-{F,+ r-'s). 

If 11^ be the energy due to the spheres, we have, then. 



l(ir\' fdvv 



■1-1 



— ^.S- \vTn'Vd^\. 



r^ds~\ rv' 



y 
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Energy due to two small Eleotrifled Spheres. 12& 

Tlie surface integral is to be taken over a sphere of infinite 
radius and over the spheres whose radii are a and /3. 

At the surface 8i of the sphere A, if a be sufficiently 
small, 



' 




kV = 


« ?• 






vvliere c 


denotes the distance between the centres 


of ^ and 


mid 






^'?- 






By 


Art. 


26, MF, 
J A 


-/5i = 0, 






ftnd, as 


Fi! 


i constant at iSi, w 


■e have 










|Ff.S.^O, 






Hence 




J^?-^- 


l(r-?) 


%''■ 




In like 


manner, 












V%^^'- 


m^'i 


')■ 





The integral over the sphere of infinite radius is zero, 
ao V F = throughout the field. Hence 



If the sphere A were alone in tlie field, the espreseion 
above would become -^-r— ■ Similarly, if B were alone, it 
would be -^y-^ ■ Hence the energy due to the mutual action 



of the two spheres is -y- 
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232. Force between Electrified Parti cles.-^Tf JV 

denote tlie energy due to the mutual action of two electrified 
particles, by Art, 231 we have 



where ;■ denotes the distance between tbeni. Hence, if F be 
the mutual foree wliicii they exercise ou one another, 

Accordingly, the force between two electric particles acts 
ia the line between them, and varies directly as the product 
of the quantities of electricity and inversely as tiie square of 
the distance. 

Also, by (7), Art. 230, the electromotive intensity due to 
an electric particle is equal to the force wiiieh it exercises on 
the unit of electricity. 

233. Irrutational UUtributiOH of Electromotive 
Intensity. — The components X, Y, Z of the electromotive 
intensity, due to a permanent statical distribution of elec- 
Irioity, must be the differential coefficients of an acyclic 
function of the coordinates. 

!For, if we draw any closed circuit and suppose it occupied 
by a conducting wire, 



1(-S 






taken round the circuit, must be zero, as otherwise a perma- 
nunt electric current would be set up in the wire without any 
expenditure of energy, which is impossible. 

Hence J {Xdx + Ydij + Zdz) between two points must 
be independent of the path, and therefore 

Xdx+ Ydij-^ Zd%^- dV, 

and F" must be acyclic. 
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234. Uistributioii of Electric it j- uii Coiidiictors. — 

If a conductor be in electric equilibrium, tliere can be no 
electromotive force acting in it, and tiierefore the potential 
is constant throughout. In the suriouuiling dielectric, 

47r/= - /-;—, &c., 

tlx 

aiid, accordingly, from (5) we have V'V = 0. I'lie poten- 
tial V is therefore determined in the same manner ae on 
the hypothesiH of action at a. distance. 

The oharge on a conductor is / {{f + mg + nil) dS ; and, 
by (I), Art, 226, this is equal to 

47rJ dv 
where i) and v are both drawn into the dielectric siuTOundiog 
tlie conductor. 

Hence, if the total charge be given, so also is \ -,— d 

285. Conditions at Boundary ttet^veen (wo Uielev- 

tries. — If two dielectrics, wliose specific inductive capacities 
are ki and fe,, be in contact, at the boundary between theiti 
in passing from one to the other, F"is continuous, as otherwise 
the electromotive intensity perpendicular to the boundary 
would be infinite. 

Again, the normal component of the displacement must 
be the same in one medium as in the other. To prove this, 
let us suppose two small tubes of induction resting on the 
same element of the boundary surface and drawn one in each 
medium. Let Di and D, denote the displacements. Si and 2; 
orthogonal sections of the tubes drawn close to the boundary 
surface S, and i^i and ^j the angles between the lines of 
displacement and the normal to 8. Then, by Art. 228, we 
have ASi = ASs; but 2„ = dSoos^„ 2, = rf«cos-^, and 
tiierefore D, cos if i = l)i cos i^j. 

The oonditiona stated above give the equations 

dvi rti'j 



-dS. 
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If t!ie positive direction be that ol the iionnal drawn 
iuto the medium whose inductive eapaoity ie k,, the Becond 
equation above may be written k^Ni = h^N-i ; whence 



A, 



i N.. (11) 



If we suppose /fa to be greater than ki, we see that a 
dielectric of greater inductive capacity, relatively to one of 
less, behaves like a conductor on whicli there is a charge of 

density ■ ' N^. In the ease of a conductor, we must 

suppose A's infinite, then from (10) iV2 = 0. In what precedes, 
Ni and N^ denote the components of electromotive intensity 
normal to the boundary. 

236. Attraction on Dielectric in Field of Force.— 

If a body composed of dielectric material be placed in a 
medium of different specific inductive capacity, the body in 
general behaves like a conductor in tending to move. 

To see the reason of this we must remember that, in 
general, if a conductor or a dielectric of different inductive 
capacity be introduced into a medium occupying a field of 
force, the total energy of the field is altered ; and, unless the 
field be uniform, tlie alteration is different according to the 
part of the field into which the conductor or dieleotrie is 
introduced. 

If a small change in the position of the conductor 
diminishes the total energy of the field, the conductor will 
have a tendency to move in the direction, producing a 
change of position whereby the total energy of the field is 
diminished. 

The same thing holds good in the case of a body com- 
posed of dielectric material diifering in inductive capacity 
from the medium by which the field of force is occupied. 

237. Cryijtalllne Dielectric. — In a crystalline, or 
anisotropic, dielectric different directions differ in their 
electric properties, and the electromotive force is not 
necessarily co-directional with the displacement. 
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Cry&tallwe Dielectric. 

Ill this case, the components of the one ar 
funotiong of those of the other, so that we have 

iirf^kuX + knY+KZ, 

i-7rh = h,X+k,,Y+h,Z. 

If there be a function U of the components of force, 
representing per unit of volume the energy tine to the 
displacement, we have 

SP = Xg/+ rSg-tZBh. (13) 

Substituting from (12) for S/, &e., in (13), and arranging, 
we get 

4^SU= (A-„X + ;!'.i r + /h,Z)BX + (kv.X + /,-■„ Y + 1>„Z)S Y 



but ,u^-%,X.flV.'J^lZ. 
dX tbj dz 




and therefore 




',■«-'.■„, *,.-*», *»-*»; 




and 




+ 2k^YZt2h,XZ; 
also, 

, dJJ dn , dU 

■t-^' »-7t?' '*-;«• 


(14) 
(15) 



By transformation of coordinates, Sw U can be reduced 
to the form 

k^X' -^h-.Y^ * hZ\ 

"When U is reduced to this form, the coordinate axes are 
the principal axes of electric displacement, and k,, ki, h denote 
the principal inductive capacities of the dielectric. 
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For tlie corapoueiits of eleotric displacement we iiavy, 
then, file eqiiatioiis 

4Tr/'= l.\X, 477(1 = l,\Y, 47r/. = l.',Z, (16) 

If we take any poiiit P of the dielectric as origin and draw 
the ellipsoid whose equation referred to the principal axes is 

■h-.v' + hf + /r,s' = r, 

it is plain that if we draw a line througli P in the direction 
of the electromotive intensity, and draw a tangent plane to 
the ellipsoid at tlie point in whicli it is met by tliia line, the 
perpendicular on this tangent plane is in the direction of 
the electric displacement. 

238. Dill'erential Squatinii tor Pwtential In Crj'S- 
talllne Medium. — If we express the principal components 
of displacement in terms of the electromotive intensity by (16), 
equation (5) becomes 



„,ty.,,,'^y ,,":.,. (17) 

((.K- di/ (h^ 

23^. Distribution or Sleclrlcitj' on Conductors.— 

As there is uo electromotive intensity in the substance of a 
conductor in electric equilibrium, V must be constant at the 



In til e dielectric outside the surface, Fmust satisfy the 

equation 

, il?V , i^V , iVV ^ 

^■i -TT + ^■=-7T + ^'3 ->-.- = '^■ 
(rv^ iiff as' 

Also, the product of V and its differential coefficient 
integrated over a sphere of infinite radius must vanish. 

This appears from tlie consideration that // + mg + nli 
integrated over a sphere of infinite radius is finite. Hence, 
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if a denote tlie radius of the sphere, / must be of tlie order 

— ; but/, ff, h are of tlie same order as the difierentiiil 
■" 1 

coefEoients of V. Accordingly, V is of the order ^, ami 

Finally, if the charge on each conductor be assigned, 

[/, ,dV , dV . dV\ j^ 
\\Kil-—r- + kiin-?- +hin—- ]dS 
I V fh dij d% J 

is given for each conductor. 

There is only one function F'which satisfies these conditions. 
If there were two, let ^ bo the difference between them. 

Take the expression 

'"vtej '"U// "Uy 

and integrate it by parts throughout the whole of space — 
the flrat term with respect to x, the second with repect to »/, 
and the third with respect to z ; then we get 



\dy) \dz J 



M*'3-#-^S) 



Bs, it is plain that each term on the right- 
hand side of this equation is zero ; and, as A,, Jci, and Id are 
always positive, we have 

dtp dip d<j> 

dx dy dz ' 

and therefore <p is constant, and consequently zero for the 
whole of apace. 
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Dielectrl 



240. Energy expressed as Surface Integral.— If V 

<3eQ0te the potential, and JF'the energy due to tlie electric 
displaoement, by an integration similar to that employed in 
the last Article, \,y (14), Art. 236, we obtain 



civ 
' ill " 



-M'" 



''lif ' 



_'f^i,,a 



Hence, by (16) and (17), we have 

•iW--Z\V{IJ+mfi* nit) dS. 



(18) 



Since VJs constant at the eurface of each conductor, and 
since I {If -i- mg -i- nh) dS denotes the total charge on the 
conductor, equation (18) may be written 



2W = %eV. 



(19) 



241. Energy due tu Electrified l*artiele in Eleetric 

Field.— Let uB suppose the field to be due to a single con- 
ductor, whose surface may be denoted by 8i, on wliieh there 
is a charge fi^. Let a conductor, whose surface may be denoted 
by iS], on which there is a charge <s, be introduced into the 
field. Let V denote the potential at any part o£ the field 
before the introduction of Sj, and V + v the potential after- 
wards; also, let W a,nA W+w denote the total energy of 
the field before and after the introduction of S^. Tlieu we 
have 



aJF= Vie,, 2(H 



= (r,- 



t;)e, + {V, + r,)e,. 



If we now suppose St and ei to be infinitely small, so also 
is e, and the term thCti is oE the second order, and therefore 
negligible. Hence we have 
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On the hypotlieeis tliat Si and ei are infinitely small, we 
have Vtes = v,ei ; for, if we integrate the espression 

\(k '- ~ ^k '-^ - + A- — '^]d^ 

since Vand v eaoh satisfy equation (17), we get 

\r(ik.''- 



'H 



'*-?-'*f-*f)("«-^*) 



At the surface 81 tlie potential V is constant, and 



!(' 



t/w ay azj 



is zero, since the introduction of Sa does not alter the total 
charge on 8\. Again, before the introduction of the con- 
ductor >S'; the total charge on the space surface & was zero, 
and therefore 



1(«-^ 



+ mk> •;- -I- wfcj— Ws = - iirei. 



Hence, as & is infinitely small, 

cannot differ from -4?rF2e3 by more than an infinitely small 
quantity of the second order. Accordingly the left-hand side 
of (20) is equal to - ivVnei. 

Again, as V+ e and Care each constant at Si, so also is i; 
and therefore 



H- 



' -'■■ dy ,h 
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Also, at tlie surface & we have 



!(' 



1 -;- + mh -r- + I'h —r- aSi = ; 
ttx (iy dz I 



and, since Kh- e is constant, and Fcan vary only by an infi- 
nitely small quantity, ttie yariatioii of c must be infinitely 
small, and 

f /,, dV , dV , dV\ ,„ 

J \ fi^* (I'J ('^ / 

taken over tlie infinitely small surface Si, cannot differ from 
zero by more tlian an infinitely small quantity of the second 
order. Accordingly the right-band side of (20) is equal to 

We have, then, Vie-t = -dei ; and tlierefore 'iw = '2Viei. 
Hence, by bringing an electric particle e, to a point where 
the potential of the field is Fa, the energy produced is Faft. 

It is obvious that the result arrived at above can be 
extended to au electric field due to any number of conduc- 
tors, so that in general Ve denotes the energy produced by 
bringing a small body having a charge of electricity e to a 
point where the potential ia V. 

If, instead of supposing a small charged conductor intro- 
duced into the field, we suppose the charge on one of the 
conductors ^i, already in the field, increased by the amount Sci, 
we can show iu a mauner similar to that employed above that 
8 W, the increase of energy, is given by the equation 

Sir = r.gci. 

In fact, 

2W= V^e,+ V,r,+ r,r,.|-&c., 

and 2Sfr= V,Se, + e.SF,^ e^SVi + &c.; 

biit Flgf, = eiSF. + r,sr, + e^sr, + &o., 

as may be shown in the following manner. 
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13& 



Lei l.li« original potential at any point of tlie field be 
denoted by V, and the increase of potential due to the intro- 
duction of fiei by 41 ; then, by an integration similar to tliat 
already employed, we have 



*,( 



<it 



- + i,i 



* 






rfS, + dS, + &c. 



At each of the conductors Via constant, and also V ^ v, and 
therefore v. 

Again, at eacli conductor, except the firBt, 

Kk,l —■ + kiin -r- + hn — 1 d8 
dx dij dzj 

is zero, and at the first this integral is - i-nSe,. 
Also, at each conductor, 



1 1^,1 - 



dx 



dV , dV\ ,„ 
di/ dz J 



that i. 



lience the equation above becomes 

47rF,8ft = 4T(<Vi-i-<'.'-a + &0.), 

F.gr', = riSTi + I'.Sn + o,^V, + &c. (21) 

Heiiue we obtain 

gr=. F,Se„ (a2) 

and thereforo we conclude that under any eireumstaiices the 
energy produced by bringing a small quantity of electricity e 
to a point where the potential is V is denoled by Ve. 

242. System of CliMrjced Canduct«r»(. — It is now 

easy to see that, if tliere i>e a system of charged conductors 
in a crystalline dielectric, the equations which hold good 
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between t)ie charges and potentials are of the same form as 
those belonging to an isotropic medium, that is, 

Vi = PiiBi + pnBi + piiBs + &C., 

Vi = puBi + Pi^ei + phiSi + &0., 

y^ = ^'13^1 + Pi^e-i + paiBi + &C., 

&C., &C, 

In fact, every step in the procesB by which these equations 
are proved in Art. 128 holds good here. 

i'or, from equation (16), it appears that if each component 
of displacement be altered in the same ratio, so also are the 
diflerential coefficients of the potential and the total dis- 
placement. Accordingly, if the mode of distribution of the 
displacement be assigned, the potential at any one point 
varies as the displacement to which it is due. Also two 
systems of displacement which are eaoh in equilibrium may 
be superposed without disturbing the equilibrium. 

243. Force on Electric Particle in Electric 
Field. — We have seen that the energy due to an electric 
particle e in an electric field is Ve. 

If the particle receiye a displacement whose components 
are S«, S//, and &, the energy of the field is increased by 

This is the work done against the forces of the field 
which must therefore be 

_ dV _ (IV , _ /IF 
da>* dij'' ds ' 

Accordingly, the force acting on an electric pitrticle per unit 
of mass is the same as the electromotive force of tlie field. 

244. Potential due to Ulipherical Conduetor.— If a 
charged spherical conductor whose radius is « be alone in the 
field, the potential Via constant at the surface of tlie sphere, 
iiud ill the space outside satisfies equation (17). If we assume 

y/ki ^ = x, v^A; i)=y, and y/h Z = z, 
(17) becomes <?V ifV iPV ^ ,„,, 
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find, at Uie surface of the sphere, 

We have therefore to fiud a function ol: ^, ij, and Z, whioli 
satisfies (23), and which is constant when £, »|, Z, satisfy (24). 
This is the same prohlem as to find the potential of an ellip- 
soidal charged conductor. Hence the form of Fis given by 
Ex. 3, Art. 76. 

If /,-, > 7(j > ki, we liave 



j!2di.^,r.or * 



»yi(V-*'KV-t=)i' 

(25) 
where \ is the greatest root of the equation 

The constant is determined from the equation 



where e denotes the charge on the sii 
eondwotor. 

245. Force due to Siiberical Con 

i-entiating (26} we obtain 


rface S 
doctor.- 

right-ha 


of the 
-Ditle- 


The 

may be 


quantity inside the bracket on 
denoted by — , and we get 


1 the 

P'i 
X= 


nd side 


In like 


<e X(X'-*') 
manner we hare 

((X p-v <l\ 






d, X(X'-4')' d( 
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Again, 

dx ^k,' <h ' dx 


= 0, &c. ; 




ordiiigly, if X, 7, Z di^iote tlie <. 


iorapoiients of 


for. 



i& yjtT X *■-*' •!(V-/i")(A'-i')r 

r.-'^J - '^ '- a ! 

A yt X -\' • 1 (V - ''■)(*" - '•) 1 ■ 

246. Force due to Spherical Particle. — In the 

ciise of a particle, a becomes infinitely small, anfl so also 
do k and h ; then 

,\" . X' - /." . X' - i', 



and 




/■ 


-V - i 


■f * ;' + r- 








Accordin 


giy. 


we have 












X 


C 


5 

/s,x' 


-4 


■/i.y 


-g 


s 
ys 


X 


If !.< 

we obtaii 


» substitute foj 
& 




and ? iu 

i,x" 


terms ol 


f ,r, „, 


, and s, 
(27) 



Heiice we conclude that tiie force exercised by a spherical 
parfcieleat apointPisnot in the direction oi the line joining P 
to tlie centre of the particle, and does not vary inversely as 
the square of the distance of P from the centre of the sphere. 
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From (16} and (27) we have 

^=4^=? " = 4;^? '* = 4;S^r' ^^^' 

where r denotes the distance of P from the origiu. 

Hence, the direction at any point of the displacement 
due to a sphericjil particle passes through the centre of the 
particle, but the magnitude of the diaplacemenfc does not 
vary inversely as the square of the distaiice. 
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OHAPTEli XII. 

EI.IiLTlIOMAGNKTIC THEOKY OF I,IRHT. 

247. Iiitroduptory. — The electromagnetic theory of light 
oaimot be considered part of the theory of Attraction ; but it 
ia so intimately connected with the properties of dielectrics, 
and with those of electricity and magnetism which have been 
explained in the foregoing chapters, that some account of 
Maxwell's great investigations does not seem out of plaoe 
here, 

248. Energy of Current In Hagnetic Field. — From 
the identity of the action of an electric current with that of 
a magnetic shell, in Art. 217 it was concluded that the 
potential energy Woi a current in an independent magnetic 
field is given by the equation 

W=-il{lu-\ mb + m^dS. (1) 

the infinitely small value S/, equation (1) 

S>r = - 8( J {la + mb + nc) dS. (2) 

This equation liolds good wliether the field be independent 
or not, as a change in the integral due to an infliiitely small 
value of i'must be infinitely small, and when multiplied hy Si 
becomes evanescent. We cannot, however, regard the energy 
due to the presence of an electric current as potential, because 
the oui-rent is not a permanent natural agent whose action 
varies merely with its position. The current may cease, and, 
if so, its energy disappears. 

We must therefore consider the energy due to an electric 
current as kinetic. 
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and Ekciromotive Force. 



im- 



In a dj'iiamioai system, if work be done against the 
natural motion of the system, the energy, if potential, is 
increased, but the energy, if kinetic, is diminished. 

Hence we oouelude that, if the energy of an eleetrio 
current be kinetic, the expression for the variation of energy 
due to a variation of i must have the opposite sign from 
that whioh it would have if the energy were potential. 
Therefore, if T denote the kinetic energy due to the j 
of an electric current in a magnetic field, we have 



^T=?^il(la + mh-vnc)dS. 



(3) 



ili 



= J(fa + mi + nc) dS. 



(4) 



349. Euergy and Electromotive IForce. — The coa- 
nesjon between variation of energy and force is given by 
Lagrange's Equations, Dynamics, Art. 307. 

In the present case of the dynamical system consisting 
of electric currents in a magnetic field, the position of the 
system is specified by the geometrical coordiuates of the 
various magnets and electric circuits, and in the case of 
each cnrrent, by the distances along tlie circuit which the 
eleotrio molecules have travelled at any time since a definite 
epoch. If s denote tlie distance along the circuit which a 



df 



molecule of electricity has travelled, its velocity is 

Again, if p denote the density of the electricity, and a the 
area of a section of the circuit, the quantity of electricity 

which passes the section in the unit of time is pir -r,, but 

this. Art. 212, is t the strength of the current. Henoe, 



\'.:'"-\:/4'"-\:r 



&.^K»)-^K), 



since o is constant, and <r a function of s. Hence, if id 
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aud So be assigned so also is s. Aoooi'dingly, instead of 
specifying the position of a moleonle of eleotiicity by s we 

may do so by tbe coordinate ij, where t\ = idt. Again, 

since % is uniform throiigboufc tbe circuit, »| is tbe same for 
all tbe moieouies of electricity. 

If now X\ Y', Z' denote tbe components of tlie total 
electric force at any point of tbe circuit, Lagrange's 
■equation of motion, corresponding to tbe coordinate jj, is 

<lt di) dii \ ilri rfij dn)' 

and if X, Y, Z denote tbe components «f electromotive 
intensity, the correspoading forces X", Y", Z" are given by 
tbe equations 

X" = p<rX(/i-, Y" = f,aYds, Z" = piZdx, 
also 











'In- 


«,« . 


f" 


,<(.. 


Heuoe 
















.(x- 




F' 




+ 2' 


d„l 







\ prjds " podn pads 1 



^) = / {Xdx + Ydy + Zde) = E. 



From Ai-t. 212 it appears that wben a current is passing 
the electromotive force is opposed by tbe resistance of tbe 
circuit, so that the generalized component of force tending 
to increase jj is not E but E - Bi. 

Again, the kinetic energy T does not depend ou it tut 

on i} or /. Hence — is zero always, and Lagrange's 

equation of motion corresponding to tbe generalized co- 
ordinate )\ becomes 
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Tliis equation may be written 

if^lf-ii,-. (6) 

dt di ' 

If T remain unelianged, (6) becomes Ohm's equation (2), 
Art. 212. 

If T vary in conseciuence of a eliange in the electro- 
magnetic field, the electromotive force keeping up the 

current is diminished by -r, —r:. If this be negative, the 

■^ dt di " 

electromotive force ia increased. 

This property of currents is abundantly oonflrmed by 
experiment. It is indeed on this property that almost all 
the modern applications of electricity depend. It was 
originally discovered hy observation; but its exact mathe- 
matical expression as given above is due to Maxwell. 

A simple ease of this phenomenon is exhibited i£ two 
currents which repel one another be made to approach. 
An additional electromotive force is then developed in each 
circuit tending to increase the current. 

This still holds good if £ be originally zero in one circuit. 
A current is then produced tending to oppose the motion. 
Such currents are called ' induction currents.' It is on their 
esisteuoe that the whole theory of light as an electromagnetic 
phenomenon depends. 

The general principle exemplified in the production of 
induotion currents may be expressed hy the statement 

III any circuit contained in an electi-omagnetic field every 
vanation in tlie strength of the field pi-odtices an electromotive 
force uMc/i tends to diminish the variation. 

250. Maxwell's Theory, of Ught. — Maxwell supposes 
the enth-e universe to be filled with a dielectric called the 
luminiferous ether. 

If there be a variable electric displacement in any part of 
this dielectric, the variation of the displacement constitutes an 
electiic current which produces an electromagnetic field. The 
variation of the current produces an electromotive force in all 
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the surrounding uii'cuits. These electromotive forces produce 
currents wliich again give rise to other electromotive forces 
and currents, and so tlie original variable dispiaoement is 
propagated through space. 

In fhe case of light, the original displacement ia vibratory ; 
that is, it begins in a certain direction, increases in that 
direction up to a certain amount, and afterwards takes place 
in tlie opposite direction till it reaches the same amount as 
before, only in the opposite direction, when it is again 
reversed ; and this process is repeated so long as the light 
remains steady. 

Tlie displacement is therefore quantitatively the same as 
the distance moved through by a vibrating particle, and may 
be represented by an expression of the form 



The whole phenomenon may tlierefore be termed an 
electric vibration ; and, when propagated tlirough space, 
may be called an electric wave. 

From the results already arrived at, the laws which 
govern this propagation may be deduced, as will be shown 
in the following Articles. 

In the study of an electric vibratiou we have to do witli 
five vector quantities; the displacement, the electromotive 
intensity, the current intensity, the magnetic force, and 
the magnetic induction. 

Let 

/, </, h denote the components of electric displacement ; 

X, Y, Z those of electromotive intensity ; 

u, V, w those of current intensity ; 

a, j3, 7 those of magnetic force ; 

(I, b, c those of magnetic induction. 

We seek to determine differential equations for the com- 
ponents of one of the vectors which ■will enable us to arrive 
at the laws of its propagation. 
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2fil. Magnetic Induction and lillectroniotlve In- 
tensity. — We have seen, Art. 249, that for any circuit s, 
if X, T, Z denote the compononts of electromotive intensity 
due to current induction, 

dt di J V ds ds dsj ^ 

If we imagine a surface -sheet S filling up the circuit s, 
by Stokes's tlieorem, Art. 192, the right-hand side of (7) is 
equal to 



and, by (4), 



V^!/ 



f)-«'!-^ 



^.\(!,.,„l.«.).IS. 



Hence, 
-^\ila.,nl>.nc)d^ 

= [ {l{^ -~\ + m {— — + n(~- '-^1 dS 
} \ \ds dij ) \ dx ds \ dji ds /) 

111 the case of an eleotrio disturbance in a continuous 
medium, this equation holds good for every circuit which 
can he drawn ; and therefore we have 

da dY dZ db _dZ ^dX ^^ ^ <AX _ rfF 
di"~di~dp' di'dx ~az' dt'dy dx' ^' 

252. Current Intensity and magnetic Force. — If 

we suppose a siu-face-slieet S drawn in the dielectric, the 
total current passing across it is denoted by 

J {Iv, + wii) + mo) dS. 

The line integral of the magnetic force, taken round a 
circuit s, hounding the surface S, is due altogether to the 
current passing across S, since for magnetic forces due to 
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currents not embraced by s this line integral is zero. Hence, 
by Art. 215, we have 

=lKS"f)-»(S-2)-^-|)l-^ 

and, since this equation holds good for every circuit and 
coiTesponding surface which can be drawn in the medium, 
we have 

, <^y <^^ A '^« 'h A "'i^ '^« /n\ 

47r»=-/--p, 4Trf = — --^, 4irtc = ^--T-- (9) 

eii/ rts rts (te m d// 

253. Relation between magnetic Force and 

Induction. ^ — We have seen, Art. 201, that in a body 
magnetically isotropic, in wliieli there is 
magnetism, the components of magnetic induction are 
constant ratio to those of magnetic force, so that 

« = ran, b = ^0, e = roy. (10) 

In what follows, we shall always suppose the medium to 
be magnetically isotropic. 

254. Equations ol'tlte Electromagnetic Field anti 
of Propagation of Disturliance. — In the general case of 
a dielectric electrically crystalline, collecting the results given 
by (16), Art 237, by Art. 227, and by (9), (10), and (8) ofthe 
present Chapter, we have the following group of equations 
holding good in the electromagnetic field : — 

47r/=XiX, irrfj = K,Y, iirh = K,Z. (11) 
df _ dg _ f^__ . 

dt "" "' df.~ ^' dt ~ "■ 



(12) 



- '^ _ ^ . 

dx dy 



dt dz dy ' dt dx ds ' dt dy dx 



dy 


d3 , <fc. dy 
(/s' dz dx' 




a = roo, b = T^ji, 



(13) 
(14) 
(16) 
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Solntion of Eguatioii of Proprifiatioii. 
Bj' differeiitiafioii from (12) and by {13), &e., we 1 

^ (te" ^ ''II ~ ttt\d!i (la J ~ ia\(t!/ (it dz'iltj 

-\dy\ dy dx / <fz \dx i/s /) 



tlial is 










4i<» 




. v-x- 


d fdX ^ 
dx V clx 


dY dZ\ 
d,j * d: ) 






= -i^ 


^'f-i 


m-- 


If 












A' = - 


h - 


=i. - 


we get 












dt' 


^ A^V^f 


-a- 


t^-% 


In 


the. 


jnse of an isotropic me(Jiiim, 








A-.W 


. c - v. 



(16) 



tr= F-vy 



255. Solution of Equation or Pro|»agalio». — 

Equations (16) and (17) are very general in their character; 
and to obtain a solution suitable for the present investigation 
we must consider some of the charaoteri sties of a ray of light. 
When light emanating from a point passes through a 
lens whose focus is at the luminous point, a ojlindrical 
beam is ohtained whose parallel sections ate planes having 
similar characteristics in reference to the bearci. We may 
assume therefore that one of the vibrations which constitutes 
the light is propagated so that its direction remains parallel 
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to a line fixed in spaue, and that at all points of a aeotiou of 
tlie beam parallel to a certain definite direction the vibrations 
are in parallel directions, and in a similar state or phase. 
Consequently, if D denote one of the displacements whose 
vibrations constitute the light, the direction oE I> is constant, 
and the direction in which D is propaf^ated through space is 
also constant. 

If A, fx, V denote the direction-cosines of D, we may there- 
fore assume that X, fx, v are constant for all positions of D, 
and we have 

/=XD, 9 = iiD, h = vD. 

Equation (17) assumes its simplest form when/is a function 
of one coordinate; and, as a particular case of (l?), wo may 
write 

"-^'-y'^,- (18) 

By Art. 53, the solution of (18) is 

/- *(r(-4 

This expression for/ indicates a variable quantity whose 
magnitude at a given point is continually altering and 
wliose every state or phase advances through space in the 
direction of a with a velocity V. 

This is obvious, because 

$(r(i + 0-(s + s')l =i>{V(-s), provided Vi' = z' ■ 

and, accordingly, the value of / at the point z at the time 
i is the same as the value of / at the point z + z' at the 
time t + t'. 

If $ be a periodic function, the disturbance in the medium 
is called a wave. 

The distance between two points on the line of propaga- 
gation at which the disturbance ia in the same state is called 
the wave-kngth. 

If r denote the period of the disturbance, that is, the 
length of time in which the disturbance at a fised point P 
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passes through all its phases and returns to its original state, 
the wave-length ia equal to Vt. For, during the period t, 
the original disturbance reaches a point Q wliose diafcance 
from P is Vt, and tlie disturbance at P }ias during the same 
time returned to its original state. Hence, at the end of the 
period T the disturbance at Q ia in tiie same state or phase as 
that in which it is at P, and consequently PQ is a wave-length. 

When a wave is passing through a medium, the locus of 
the points at which the disturbance is in tlie same phase is 
called the wave-front. 

If the wave- front be a plane parallel to a plane fixed in 
space, the wave is called a plane wave. 

In the case of a plane wave, the direction of propagation 
is the normal to the wave-front, and the direction of vibration 
is parallel to a line fixed in space. 

We can now generalize the solution of (18) so as to satisfy 
(17), and to represent the propagation of a plane wave of 
electric displacement through the dielectric. 

We may assume 

/=X0, 'J = nV, h = vD, D=^^\n--(la:-^mij-^iiz)], (19) 

where I, m, n denote the direction-cosines of a line fixed in 
space. 

Then V'i? = (/= + m'' + ir)<^" = <j>", and 



and, accordingly, (17) and the corresponding equations for 
g and h are satisfied, also D represents the displacement in a 
plane wave whose line of propagation is in the cfireetion I, m, n. 

256. nireclioii of Uisp lavement In Isotropic 
[»dintti. — The expr 
and (13), show that 



(If 
fll^dinm. — The expressions for — , &c., given by tl2) 



lit \dx (lij (k) 
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If there be an eleotrio displacement in the medium before 
the disturbance takes place, by (5), Avt. 228, 

(20) 

Hence this equation always liolds good; but 

with corresponding equations for g and h, and therefore 
by (20), 

(A/ + f.im + vn)^' = 0, 
and accordingly 

X; + lim + vn = 0, 

and we learn that in a plane wave the disturbance is per- 
pendicular to the wave-normal, and is therefore in the 
wave- front. 

This is often expressed by saying that the disturbance 
is in the plane of the wave. 

257. Nagnetit! Force In Isotroiiic Medium. — By 

(14), &c., we have 

dt~ -mH"^ \d% 'tij/j ~ •rnKKdz dy) 

= 47rP0»v -</,<) f. 

Integrating with respect to t, we obtain 

a = 4w V{mv - nii)D + constant. 

As we are concerned only with the magnetic force due to 
the disturbance, tlie constant may be neglected, and we have 



a = 47rFi> (?«!'- Ufi), 
(i= i-!rVD(n\ - h), 
y = 4-jtVD(M - mX). 



(21) 
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Heuce the magnetic force is in tlie plane of the wave and 
perpendicular to tiie displaeeraent, and its magnitude H ia 
given by the equation 

H = i-TrVD. (22) 

258. Crystalline Medium.— The solution found. Art. 
2S5, for (17) holds good for (16) witli some modifications. 

In faot, if we assume equations (19j and substitute in (16) 
and the two corresponding equations, we get 

r"A = ^=X - l(AH\ + E'mjx + O'nv), \ 

Vfx = BV - m {AV\ + B'mfi + CSiv), i (23) 

V'v = C'v -n{A'lX + H'm/i + (Ptiv). J 

In the solution of (17) V is given, and we find that A, /i, v 
are indeterminate, provided they fulfil the oondition 
IX + mn + vn = 0. 

In the present case, when i', m, n are given, eqiiatious (23) 
determine F' and A, fi, v. If we eliminate A, fi, v from (23), 
we get a cubic equation to determine V. 'I'he absolute 
term of this equation is 





A'Q 


• - 1) B'Hm 


O'lu 




A'lm B'{m^-1) 


c-».« 




A'ln IPmn 


C-(«>-l) 


f we coll tlii« doteimiimiil (J, . 


ohmo 




I'-l 






A'mC'lnm 


, •»--! 










( m '^ 


1 
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Hence one value of V is zero. The corresponding values 
oi X, ,u, V are proportional to 



but they have no physical import, as tlie displacement to 
which they belong is not propagated through the dielectric. 

For each of the values of V^ which are not zero there is 
a corresponding set of values of X, /t, v, indicating two possible 
directions of displacement with a given wave-front. 

If we multiply the first of equations (23) by I, the second 
by m, and the third by n, and add, we get 

FKA + mn + nv) = (^VX + Rm^ + C'vn)(l -I.'- m' - h') = 0. 

Hence, 

l\ + mfi + nv = 0, (24) 

and we infer that the two directions of displacement corre- 
sponding to a given plane wave-frout lie in the plane of the 

If we multiply the first of equations (23) by X, the second 
\>y )i, the third by v, and add, we get 

= A^\^ + By -^ G\^ - {A'l\ + B'mfi+ C'iiv)(J\ + m,i+ nv), 

and therefore, by (24), we have 

r = A'X' + By + C'v: (25) 

If Xi, Hi, vi; Xj, Hi, I't denote tlie direction -cosines of 
the two displacements perpendicular to I, m, n, and V, 
and F] the corresponding velocities of propagation, we have 

lA' - F,') X, = l(AH\, + B'mtii + G'nvi), 

with two coiTesponding equations. 

Multiplying the first by X,,, the second by ^a, the third 
by Vi and adding, since IXi + m/ti + nvi = 0, we get 

F,'(XiX, + ,t,^=+ -iVi) = A'\X + ByH^+C\^,;. 
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III like manner, we have 

W(\X + /il;Us + KIVO = A^,\^ + B'lMfl^ + O^Vil's. 

Consequently, unless V\ = Va, we obtain 

AiXb + ,«|;«s + Villj = 0, (86) 

^'A,A, + B'f,,/!, + C'viv, = 0. (27) 

Hence we learn that the two directions of displacement 
belonging to the same wave-plane are perpendicular to each 
otlier in the plane of the wave, and are also conjugate in the 
ellipsoid whose equation is 



= constant. 



re perpendicular and conjugate 
of the section of this ellipsoid 



A'x' + By 

Since these two directions 
to each otlier, they are axe 
made by the wave-plane. 

259. Wave-SMi'face. — If a vibratory disturbance 
emanate from a point and spread in all direetione 
through a medium surrounding 0, the locus of points at 
which at any time the disturbance is in the same state or 
pliase is called the wave-surface. 

If the medium surrounding be isotropic, the disturbance 
is propagated with equal volocities in all directions, and tlie 
wave-surface is a sphere having as centre. 

If the medium be not isotropic, we may suppose a number 
of small plane waves to start simultaneously from in all 
possible directions. Each of these is propagated with a 
velocity corresponding to the direction of its normal. The 
envelope at any time of all these piano wave-fronts is the 
wave-surface corresponding to the medium. 

260. Construction fur n^ave-lSurface of Crystalline 
Medium. — When an electrio disturbance takes place in a 
crystalline medium, the equations of Art. 258 enable us to 
give a construction by which the wave-surface may be 
obtainod. 
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If we take any period of time if,, and aesunie 
a = Ah, b = Be,, c = Ch, 
the ellipsoid, whose equation is 

T-C + T-l. 
fl' 6' c' 

is that whioh BVeanel called the ' ellipaoiil of elasticity ,' and 
may be termed Fresnel's ellipsoid. 

Let ail eleotrio disturbance emanate from the centre of 
this ellipsoid, and let OP be the direction of the electric dis- 
placement in a plane wave due to the disturbance. Draw a 
tangent plane to Fresnel's ellipsoid perpendicular to OJP ; 
let Q be its point of contact, and draw 0?" perpendicular to 
the plane POQ. 

Then OY and OQ are conjugate; and, being also at 
right angles to eaeii other, are the axes of the section of 
Fresnel's ellipsoid. 

Let the direction -co sines of OP, OF, and OQ be denoted 
hyA„^i,vi; Ai./w.vs; Wfi.v; then Ai,^i,i'i are proportional 
to 







a- ¥■ "1 


and t.lje 


roforo 


, since VXj + ;i'^ + ■ 
(rAiA, + b''fiiii2+ ri 


that is, 




A'X,Xi + B'lMfi^ + Ch 


Also, 




XiAj + ft^fi.^ + 1 



, = 0. 

Hence, by Art. 258, 07 must be the seoond |_ 
direction of displacement in the wave-plane corresponding 
to OP, and this wave-plane must be POY. 

Draw OS in the plane POQ, perpendicular and equal to 
OP ; then OS is the wave-normal, and its length is the 
distance tbrough whioh the wave-front has advanced in the 
time ti. If OZ'be drawn in the plane QOP perpendicular 
and equal to OQ, the locus of 2'for all possible positions of OP 
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is a surface wliieh touoli 
to OS. 
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at T the wave-front perpendicular 




To prove this, take on the tangent to Presnel'e ellipsoid, 
QP, a point Q' infinitely neaj' Q, and in tlie plane QOP 
draw 01" perpendicular to OQ' ; then 01" ~ Oh, and if a 
plane be drawn perpendicular to OT', it passes through OQ, 
and one axis of the section of Presnel's ellipsoid made by 
this plane is infinitely near OQ' and, being an axis, is there- 
fore equal to OQ' and consequently to OT'. Accordingly T' 
must be a point on the locus surface, and TT' a tangent to 
this surface. 

Again, draw TT" parallel to OY, and take on it T" 
infinitely near T. Then, since TT" is perpendicular to OT, 
we have OT" equal to 07'. Again, since OQ is perpen- 
dicular to the plane TOT', the plane perpendicular to OT" 
passes through OQ, and the axis of the section of Fresuel's 
ellipsoid made by this plane, being infinitely near to OQ, is 
equal to it, and therefore to 02' and OT", Hence T" is a 
point on the locus surface, and TT' a tangent to this surface. 

Accordingly, tlie plane STT" is a tangent-plane to the 
locus surface ; but this plane is the position of the wave- front 
at the time t,. Hence the locus-surface is tlie envelope of al! 
possible wave- fronts at the time t„ and is therefore the wave- 
surface. 
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261. Gquation of U^ave-Sarface. — It is now easy to 
find, ia the manner of MacCuUagh, the ec[uatioii of the wave- 
surface. 

If r denote the length of any radius-vector of Fresnel's 
ellipsoid, a sphere, having as centre and r as radius, meets 
the ellipsoid in the cone whose equation is 



A tangent plane to this cone meets the ellipsoid in a 
section in which two consecutive radii vectores are equal to r. 
Hence the line of contact is an axis of this section, and 
the extremity of an intercept equal to r on the perpendicular 
to the tangent-plane to the cone is a point on the wave- 
surface. If )■ be regarded as constant, the equation of the 
cone reciprocal to the cone of intersection of the sphere and 
ellipsoid is 

Tiie coordinates of a point on the wave-surface whose 
distance from is r satisfy this equation. Hence, if 



equation (28) becomes the equation of the wave-surface. 

Itejecting the factor r', and getting rid of fractions, we 
have 

«' x' (It' - !■') (e= - J-') + 5= f (c' - r') (rt' - r^) 

+ .= .= («'-,-=) (i=-r=) = 0. 

Arranging in powers of r, and dividing by )■", we get, 
finally, 

(a'ai' + 5'j/^ + o'z")*^ - a'{b^ + e')x^ - h^(c^ + a');/'' 

-c=K+&=)s' + flH^((= = 0. (29) 

The surface whoso equation we have obtained was 
discovered by Fresnel, and is known as i'resnel'a wave- 
surface. 
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262. magnetic Force. — From Ait. 2S4, we have 

,/a _ 1 da _ 1 liiY (/Z\ _^ 47r/ 1 i/ij ^ 1^ dh\ 
dt~ ^Jil ~^ ^^% "'Hi/ ) ' ^ \Ei, 'Ji K, TyJ 

Integrating with respect to t, we get 

Hence we have 



4,/-) 

r 



{mO\',-/'Jl',j.,), 



(30) 



From (30), we see tliat 

la + ,»f3 H- .^ - ; 

a + ^,/3 + i-iy 

. ^ lA'Mli.n - ..!»)+ -B>i(w/- X,») + C■n(^,« 

.^(^■,\,X, + i!>,.,+ C'„.,.).0. 



Aecoi'dingly, the magnetic force is in the ■wave-plane, 
and perpendicular to the displaceinent ; that is, its direction 
coincides witli the second possible direction of displacement 
in the wave-plane. 
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Hence if H denote the maguetic force, we have 



witli two other ooiTespoiidiiig equations. Maltiplyiug first 
by Ai, second by |us, third by vs, and adding, we get 

AttD 
H = —^ {A'Xiiiisn -vim) + B'-'ii.i{vd--'Kin)+ 0^ vi(\im - ml)} 

.^{A'\.'* By; t av) - ^ f- - 4» vd. (si) 

^63. Electromotive Intensity. — If F denote the 
resultant electromotive intensity, and ^i, Oi, and 63 its 
direction -angles, we have 

r- a _ -v ^"1 4 n Al\ 



with two similar equations; then F is in the direction of OQ, 
fig. 1; and if y^^ denote tlie angle between the displacement 
and the resultant eleotromotive intensity, we have 

F cos X = F (Ai cos di + fii cos 6i + vi cos 0a) 

and 

F = 47rwr=i)secx. (32) 

264, Conditions at a Boundary. — When a disturbance 
passes from one medium into another, sis conditions must be 
fulfilled at the boundary ; but of these six, oidy four are 
independent. 

By Art, 228, the normal component of electric displace- 
ment must be continuous. Hence, if /, m, n denote the 
direction -cosines of tlie normal to the boundary, /, g, h the 
components of displacement on one side of the bouodary- 
sui'face, and /', g' , h' those on the other, we have 

l(t-r)*m{,j-,')*n{h-U).li. (33) 
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Again, the tangential components of electromotive 
intensity are continuous. In fact, each component of 
electromotive intensity must be continuous in a diieotiou 
perpendicular to its own, a* otlierwise, by (15), there 
would be an infinite rate of change in the magnetic 
induction. 

Aeooi'diugly, if X, F, Z, and X', Y', Z' denote the 
components of electromotive intensity at the two sides of 
the boundary-surface, and Ai, fii, v\ ; Xs, ^s, vj the direction- 
cosines of two mutually perpendicular tangents to the 
surface, we have 

Ai(X-X') + ,u{Y- Y') ^ vdZ-Z') = 0, j 

x.(x-x') + ,Ki(F- r') + !':<(-?- if') = 0. j 

As the magnetic induction fulfils the solenoidal condition, 
each of its components must be continuous in a direction 
coinciding with its own, and therefore the component normal 
to the surface must be continuous. Hence tve have 

I {a ~ a) + m {b - h') + n(c- c) = 0. (35) 

Also, by (13), the components of magnetic force tangential 
to the surface are continuous, and therefore 



i may be 



X,(«-«')+F. 


(JJ-PO + nCT-r) 


-0, 


X.(.-»') + (x. 


0-3')H»(7-7') 


-"., 


Equation (35) follows from equations (34), 
shown iu the following manner; — 


By (IS) we have 






'(s-w)-(§- 


dh'\ fdo d<I\ 
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--)HiM^i 
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From equations (34) it appears that X-X', Y- Y', 
and Z~Z' are proportional to (^ivj- vj/i^), &o,, that is, to 
I, m, n ; or, if U= be tlie equation of the boundary-surface 
to 

dU dU ^ dU 

--J-, -J-, and —- • 

(te di/ as 



Henct 
coordinati 


•-, if 


A denote an undetermined 
id Q be put for 

1 


fimction 

F 


of th 


we obtain 


iifdUy' fdU\^ (dU\^ 




'^("- 


^-4M^4H 








- 
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dU d dU\ fd 

(ly dy dz j \dx " 




d 
-A* 


f) 






\iiy 




-i^ 




- 


fdUdA i/AdU\ fdUdA 

\dy dz dij dz)^ ^\dz dx ' 


rfA 


ds> ) 








*"\(lsc ihj 


S is) 





idir/dUdA 



dU ilA clA dV\ dUfdU <IA _dA^ dU\ 
dy ds dy dz ) dy \ dz dx dz dx J 



dU/dUdA <jAcm\) ^ 
dz \ dx dy dx dy j ) 

In a similar manner, from equations (19), (13), and (36) 
we get 
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By integration, we ottain 

^ (/ - /') +m(g - r/) + n {h - A') = constant, 

I C« - a') + m{b - b') + n(c - c') = constant ; 

but as we are here considering only the results of the 

disturbance, we must suppose /, g, h ; /', /, // ; a, &c., to 

be all initially zero, and therefore we get (33) and (35). 

265. Propagation of I.igbt. — If we suppose each point 
of a plane area S to be a centre of disturbance, and draw the 
wave-surfaces of which these points are the centres, and which 
all correspond to the same period of time ti, a plane S', parallel 
to S, wiiieh touches one of these surfaces will touch them all ; 
and if we draw straight lines from the boundary of S to the 
points of contact with S' of the surfaces whose centres are on 
this boundary, the area S' enclosed by this cylinder is made 
up of points at which the disturbances are all in this plane, 
parallel to one another, and in the same phase. Consequently, 
X is the wave-plane at the time t^. Outside the oylinler the 
plane 2' does not touch any of the wave-surfaces, and the 
disturbances due to wave -sui'f aces corresponding to a period 
different from ti are not in the plane 2', nor parallel to one 
another, so that instead of strengthening they interfere with 
each other. Thus the sensible effect is limited to the area 
within the cylinder passing through the boundary of S ; 
accordingly, the light is propagated in a straight line, and 
the direction of tlie cylindrical beam or ray is that of a line 
drawn from the centre of one of the wave-surfaces to its 
point of contact with 2'. 

If the medium be isotropic, the wave-surfaces are spheres, 
and the ray of light is perpendicular to the wave-plane. 

If the medium be not isotropic, the ray is in general not 
perpendicular to the wave-plane. 

266. Reflexion and Refraction. — When a disturbance 
advancing through a medium reaches the boundary of another 
adjoining medium, the oontinuity of propagation is inter- 
rupted. The most general hypothesis we can make is, that 
disturbances, starting from the boundary, are set up in both 
media. A small portion of the boundary between the two 
media may be regarded as a plane area, and we may suppose 
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a cylindrical ray of disturbance to reacli this area. The plane 
containing the wave-normal of the incident ray and the normal 
to the boundary is called the^^we of inculence. 

All the plane sections of the cylindrical ray which are 
parallel to the plane of incidence have a common perpendicular 
lying in the tangent plane to the boundary. 

We shall suppose at first that each medium is isotropic. 




Let AB be the line in which the boundary-surface is met 
by that plane of incidence which contains the longest of the 
parallel chords of the cylindrical beam of light. Let lA 
and JS be the lines of intersection of this plane with the 
cylindrical boimdary of the beam. 

Draw AP perpendicular to lA. When the disturbance 
reaches A, wave-surfaces start from A in each medium ; and 
when the disturbance at P reaches B, the wave-surface start- 
ing from ^ is a sphere having A as centre, and a radius equal 
to PB. There are corresponding wave-surfaces having their 
centres afc all the points of the beam which lie on the plane 
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boundary of the two media. IE we draw through B a. perpen- 
dicular to the plane of ineidenoe, a plane, through this Hue, 
touohiug the sphere having A as centrOj touches all the wave- 
Burfaces, and is therefore the wave-front of the reflected heam. 
A perpendicular to this plane will he in the direction of the 
reflected ray. 

If BQ, he a tangent to the section of the wave-eurfaee 
starting from A, the reflected ray is in the direction of AQ. 

We see, then, from the equality of the triangles AQB 
and BPA, that the incident and reflected rays make equal 
angles with the normal to the boundary- surface. We have 
seen above that the reflected ray lies in the plane of incidence- 
We have thus the two laws of reflexion in an isotropic medium. 
The direction o£ the refracted ray is obtained by a method 
similar to that employed for the reflected. 

Describe, with A as centre, the wave-surface belonging to 
the second medium and corresponding to the period of time 
required by the incident ray to travel from P to B. II the 
velocity of propagation in the second meditun is less than in 
the first, the sphere in the second medium will have a radius 
AQ' less than PB ; and if i and h be the angles whicli the 
incident and refracted rays make with the normal to tlie 
boundary -surface, we see that the refracted ray is in the 
plane of incidence, and that 

^mi,_AQ'_ V, 
sin (■ BP V ' 
■where Fand V, denote the velocities of propagation in tho 
first and in the second medium. 
y 

The ratio -~ is called ' the index of refraction of tlie two 

media' ; and if we denote it by /i, we have sin * = 
When the second medium is crystalline, its wi 
will have two sheets, and two tangent planes can be drawn 
passing through the perpendicular at B to the plane of 
incidence. The corresponding directions of displacement are 
obtained by means of Art. 260, and the lines from A to the 
points of contact of the tangent planes are the directions of 
the rays. In a crystalline medium tliore is tluis double refrac- 
tion, and a single ray of light becomes, in general, two rajs. 
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267. Common Iilglit and Polarized Uglit. — lu an 

isotropic medium the direction of displacement may te any 
whatever perpendicular to the ray. In the case of ooramon 
light, the direction of displacement is not fixed, bat after a 
few hundred vibrations passes into another direction in the 
wave-plane. In the case of liglit, some billions of vibrations 
are completed dui-ing a second, so that in any appreciable 
length of time we may consider that there are as many 
vibrations in any one direction in the wave-plane as in any 
Olher. When light is polarized, all the vibrations belonging 
to a given ray are in the same direction. 

We have seen that wlien light passes into a crystalline 
medium it necessarily becomes polarized. In fact, wlien the 
direction of tlie ray is given, tlie tangent-plane to the wave- 
surface at the point where it is met by tlie ray is tlie wave- 
front, and the line in which this plane is met by tiie plane 
containing the ray and the wave-normal is the direction of 
vibration. 

268. Intensity of Liglit. — The ultimate measure of the 
intensity of light is its effect on the eye, but indirectly we 
can ascertain how it depends on the displacement producing 
the light and obtain its mathematical expression. 

It is ascertained experimentally that if liglit emanate 
from a constant source, the intensity of tlie illumination of 
a small plane area perpendicular to tlie direction of the light 
varies inversely as the square of the distance from the source. 

We conclude fiom this that the intensity of liglit varies 
as the energy of the disturbance per unit of volume. In fact, 
if a disturbance emanates from a source in an isotropic 
medium and spreads equally in all directions, the mean total 
kinetic energyremains constant, and the disturbance atany time 
occupies the space between two spheres whose radii differ by 
a wave-lengtli. Since the wave-length is very small, the space 
occupied by the disturbance is represented by 4irJ-'A, where X 
denotes the wave-length. Hence if thekinetieeuergy be denoted 

T 
by T, the energy per unit of volume is - — ^ ; and this varies 

inversely as the square of the distance from the sourco. 
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The simplest form of expression for a periodic distiir banco 
producing ii plane wave whose front ia perpendicular to the 
axis of X is a cos ^, where 



and V denotes the velocity of wave-propagation. Thi 
corresponding velocity v of vibration is 



Hence the mean value of i-' is 

'^tT 1 f" '■in''' 

— ^ ft' '— sin^^f/^; that is, — ^ "'- 

Accordingly, the density of the medium being constant, the 

kinetic energy per unit of volume varies as -^«^ or as the 

square of the amplitude if r be assigned. If we now suppose 
a small plane surface to be illuminated by two similar sources 
of light, the raye from which are approximately perpendicular 
to the surface, and whose distances from it are equal, the 
disturbance due to one of these sources may be represented 
in any direction perpendicular to the ray by a cos ^, and that 
due to the other \>y a cos (^ + e) . 

The total disturbance is, then, 2« cos ^e cos ($ + Je). In 
a short period e passes from to 'in, and the mean value of 
the square of the amplitude is 

2^1 oos=|*rf£, 

which is equal to 2a^ Hence, if we suppose that the intensity 
of light is measured by the energy per unit of volume due 
to the disturbanoe, we find that the illumination given by 
two similar sources of light is double that given by one. 
Thus the conclusion already arrived at is confirmed. 
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269. Knergy due to Electromagnetic Uisturli- 

aiice.— "We have seen (Art. 248) that if T be tlie kiuetic 
energy of a System of currents in an electromagiietio field, 



Since 2" is a homogeneous quadratic function of the strengths 
of tiie currents, 

22 = 2( -:- , also 11 = — , &c. 

ai ay as 

Substituting in (4), and applying Stokes's theorem, wc have 



'\i^ 



but 



where it is the orthogonal section of the current, and " the 
component of its intensity, and ads = d®. Hence we get 

where the integral is to be taken throughout the whole of 
space. Now, by (13), 



whence, substituting, we have 

. J I F{my - «fi) + G («, - ly) + 7/ (//3 - «»)| dS 
\\ fdll dO\ „fdF dir\ (dO dFs, ^^ 
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where the Tolume-integral is to he taken throughout the 
whole of space, and the surface -integral over hotli sides of 
every surface eeparaticg two media, and over a sphere whose 
radiua is iufinite. 

Since a,(i,y are each at infinity of the order — , where 

H is infinite, the surface-integral at infinity is zero. Again, 
tny - )j/3 is the magnetic force in the plime of t/z perpendicular 
to the normal to the surface iS, By (13), such a force, heiiig 
tangential, is continuous in passing from one side of the 
surface to the other, and therefore the con eap on ding surface- 
integral, when taken over both sides of S, vauishe.=. 
Hence, if we substitute for 

*;// d6 p 
-Z-, &c., 

dy dz 

their equivalents «, h, c, we obtain 

SirT^iian 4 63 + C7) d^ = «t J(n= + /3' + 7') rf©. 

Substituting for a^ + /3^ + 7' its value from (31), we 
get 

whence T= 'iie \-^V^DH®. (37) 

In addition to the kinetic energy of the electric cunents, 
the disturbance produces potential energy W due to tlio 
electric dieplaoement. 

If we suhstitute ra^', raS", and toC for 

k: k: "'"^ 7A 

by equations (14) and (16), Art. 237, we get 
W-'^^l^, {A'f + ifj' + &4') ,m 

-2,!^(AVtB'l,'+ CV) D'd6 . 2r J <o F"2)"«S. 

(38) 
Hence, if E denote the total energy per unit of volume, 
we have 

_£'= J7^^F^Z>^ (39) 
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270. <luantitie9 to be determined in Reflexion 
and ReiVaction.— When light passes from one medium 
into another, there are four quantities to be determiueii by 
means of the equatious holding good at the boundary. These 
quantities differ according to the nature of the media. 

When light passes from one isotropic medium into 
another, the direction, intensity, and line of displacement 
of the incident ray being given, the directions of the reflected 
and refracted rays are known by Ai-t. 266, and we have to 
determine their intensities and lines of displacement. 

When the first medium is isotropic and the second crys- 
talline, the directions and Hues of displacement of the two 
refracted rays are deteimined by Arts. 266 and 360, and also 
the direction of the reflected ray. We liave, then, to find the 
iutensity and line of displacement of the reflected ray, and 
the intensities of the two refracted rays. 

Similarly, when light passes from a crystalline into an 
isotropic medium, we have to determine tlie intensities of the 
two reflected rays, and the intensity and line of displacement 
of the refracted. 

Lastly, when both media are crystalline, we have to 
determine the intensities of tlie two reflected, and of the 
two refracted rays. 

271. Reflexion and Reft'action. Isotropic Media. — 
Polarized light passes from one isotropie medium into 
another; determine the intensities and directions of electric 
displacement of the reflected and refracted rays. 

Let D, J)', atid D^ denote tlie displacements belonging to 
the incident, reflected, and refracted rays ; then we may put 

D = & cos ^, 1/ = a.' COS 0', Di = ai cos ^i, 
and we may assume tliat at the surface separating the media 

^, = f = ^,;. 

Again, if we put 

I = -y^^ Vs., I' = -/i^ Ta', I, = ./2i^, F,ai, 

wliere F"aud Vi denote the velocities of propagation of the 
incident and refracted rays, we have P = 2!rsi KV = mean 
value of E, by Art. 269. 
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the intensities of the incident, 
ia sensibly the same, so 



Hence/', /'^and/i'i 
reflected, and refracted rays. 

In the ease of most dieleetrioF, ■= 
that we may assume ^i = ot. 

Let the normal to the separating surface drawn into the 
second medium be the axis of X, and the plane of incidence 
the plane of XY. Then, by Art. 266, the axis of ^is the 
line of intersection of the three wave-planes. 




Let 01 be a wave-normal or ray, and tlie plane OZDSM 
the corresponding wave-plane, OD the direction of displace- 
ment, and OM, perpendicular to OD, the corresponding 
direction of magnetic force. 

Equations (21) show that the magnetic force is perpen- 
dicular to tlie wave-normal and to the displacement, and ia 
so directed that seen from it the wave-normal must be turned 
oounter-olockwise in order to coincide with the displacement. 

Let the displacements make angles 0, 9', and di with OZ, 
and let the wave-normals make angles i, i', and ?'i with OX; 
then, by Art, 266, wo have 

. . . V, . . 

where V and Vi denote the velocities of wave- propagation in 
the first and in the second medium. 
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If X,7,Z; X',T;Z'; X„Y,,Z, denote the compo- 
nents of eleotromotive iiiteusity, and a,^,y; a.',G',y'; 
"m /3„ yi those of magnetic force corresponding to the three 
rays, by Art. 264 wo have 

T+Y'=Y„ Z+Z' = Z,, /3 + /3' = /3„ 7 + r' = 7i. (40) 

By Arts. 257, 254, we Imve 

also, from Hg. 3, we see that 

r= - F sin e COS /, Y' = F'sin d'cos i, Fi = - F, sin 0, cos h,'i 

2 = F cos 0, Z' = F' cos %' , Z^ = F, cos %,. j 

(41) 

/3 =-iroos6eosj, /3'=^'cos0'cos/, /3i =-_&, cos^i cos*,,J 

7 = - ^ sin e, 7' = -II' sin r, 7, = - 7/, siii 0,. ) 

(42) 
As stated above, we may assume wi = ra, and if in 
equations (40) the members of the first two be divided each 
by 3 y/2;rra, and the members of the last two be ranlliplied 

eaoh by j^ -' these equations by (41) and (42), when 



(i-i) 



u % cos % (J sin ~ r sin 6') = 7, sin i, cos (i sin Pi, 
sin i^Iooa + /' 00s ^') = Ji sin t, cos S|, 
cos * (J cos - I' cos ^) =' 7, cos n cos Oi, 

/ sin d + 1' sin fl' = 7i sin 0i. J 

from the first and last of equatione (43) we obt;iiu 

27£in 6 = ' "' ^'."^ .f." ^' -' /, sin 0„ 1 
sin 4t 

\ (44) 

. ,„ sin 2i - sm 2i, ^ . ^ 
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And from the second and third we have 

27cos e ^ ^-^l^^l I, cos e„ 



sill (' + '0 J 
siu i cos i 

I' - ^^° ('■ - ') r 



2/' COS e' 

If the displaoemeat of the incident ray be perpeiidiculiir 
to tlie plane of inoidence, S = 0, and by (44) we have 
Ii sin 01 = 0, whence Zi = 0, or 6i = ; but if we adopt tlie 
former alterntitive, by (45) we have 7 cos 9 = 0, wliich is 
impossible. Hence Ci = 0. In like manner, we get ^' = ; 
and we learn that in this case all the displacements are 
perpendicular to the plane of incidence. Again, from (45), 
we have 

I,.J^''Ji-I. r.'MfJlilr (46) 

sm(! + (|) sin(j + !i) 

if the displacement of the incident ray be in the plane of 
B see that 



' 2' 2' 

as otherwise, by 44, we ehould have 7=0. Hence in this 
case all the displacements are in the plane of incidence. 
Also, by (44), we have 

2 sin 2/ , _ sin 2* - sin 21^ 

sin2i + sin 2(i ' sin2i + sin2(*i 

In this case, if sin 2ii = sin 2*, we have /' = ; that is, 
there is no reflected ray. "When 2i, = ir - 2i, 

TT . eiii i 
h = - - f, and = tan i ; 

2 sin I, 

that is, if fi be the index of refraction, i = tau"^ ft ; and we 
learn that if the tangent of the angle of incidence be equal 
to the index of refraction, there is no reflected ray when tlie 
displacement of the incident ray is in the plane of incidence. 
The displaosmenta belonging to common light may be 
resolved each into two components, one in the plane of 
incidence, and the other perpendicular to that plane. 
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The whole of the reflected hght is produced by the latter 
displacements when the angle of incidence is tan"'^. This 
light is therefore polarized, and, if it be made to impinge on 
a second reflecting surface so that the second plane of 
incidence is perpendicular to the first, there is no reflected 
ray when the tangent of the angle of incidence at the second 
reflecting surface is equal to the corresponding index of 
refraction. 

The discovery of polarized light was partly haaed on the 
observatiou of the phenomenon stated above, and common 
light, when reflected at the angle of incidence tan"'/*, was 
said to be polarized in the plane of incidence. 

Tiie plane of polarization as thus specified is perpendicular 
to the direction of the electric displacement whicli produces 
the light. 

273. Reflexiun and Refrnclioii. Crj'stalllne 
Medium. — Polarized light passes from an isotropic into a 
crystalline medium: find the intensity and direction of dis- 
placement of the reflected ray, and the inteusitiea of the two 
refracted rays. 

Adopting a notation similar to that employed in the last 
Article, and putting D, D', Ai and A for the displacements 
belonging to the four rays, we may assume that at the 
boundary- surface ^ = ^' = ^j = ^j. 

As before, take the plane of incidence for the plane of 




X- "^I 

XY, rnid the normal to the boundary-surface as the axis of X. 
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Then all the wave-planes pass through the axis of Z, and 
all the wave-normals lie in the plane of XY. 

Ijet ZODS be the wave-plaue, 01 the wave-nOTmal, and 
OD the direction of diaplaoement ooj:responding to one of the 
I'efraoted rays. Tlien, by Art. 260, the plane lOD contains 
OQ, the line of direction of the electromotive intensity, and 
QOD is the angle denoted by x in Arte. 260 and 263. 

Equations (34) and (36) become, in this ease, 

Y+ y ^ Y,+ Y„ Z+ Z' = Z, + Z„) 

' (48) 

Also, by Art. 263, we liave Fi = in^ KSDi see x\- 

Now Yi = F[ cos Q, Y ; but (fig. 4) from the splierical 

triangle QJ,Y we have 

cos Q,Y= cos QJ, cos/.r+ sm Q,h sin JiFcos QJ,Y, 

and QJ, = l + \u I,Y=^-h, QJ,Y-v-D0S^^ + 9,. 

Hence cos Q^Y = - sin ^i sin i, - cos X\ '^'^^ *' ^''^ ^i- 

A similar equation holds gooJ for Q.Y. Substituting in 

the value of Y\, given above, and using /, I', T„ and 7a as in 

Art. 271, we got, instead of 1*1, the expression 

- Ji sin ii sec j^, (sin -x^, siu h + cos xi oos «i sin 9i) ; 

that is, - Ji (sin h cos j'i sin 9, + sin"/, tan xO- 

Again, Zi = Fi oos QiZ = Fi cos ^i cos 9i. 

Hence, instead of Z,, we get i"i sin i^ cos 9^. 

The expressions to be substituted for the magnetic forces 

are similar to those made use of in the ease of isotropic media. 

'I'hus equations (48) become 

sin i COB i (Ism 9-1' sin 9') 

= /i (sin i, cos i, sin 9, + siu^ i, tan xi) 

+ /^(siufseos/ssinfla + sin' /a tauxi); 

sin i(Iaos9^ i'cosS') = 7, sin/, cosO, + /, sin h eosfl,, | (49) 

cos !'(7gos9 -i'cOs9') = JiGOSf'i COS0, + 11 cos (a COS &i, 

/sill (^ + J' sin $■ = Ji sin 6, -i J, sin (*.. 
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273. Uniradlal Directions. — When the angle of 
iiioidonce is given there are two direotions of the displace- 
ment belonging to the incident ray for which there is only 
one refracted raj'. 

To find one of these direotions we may euppoae I^ zero in 
equations (49), and determine 9 in terms of i,h, and 6,. 

Making /s equal to zero, and eliminating I'siii$' from 
the first and last of equations (49), we get 

/sin2jsin0 = /|{sin(( + (i) cob (i - j'i) sin 0i + sin'' i\ tan xi ! • 

(50) 
In like manner, from the second and third we obtain 
/sin 2/ cos 6 = /i sin(/ + i,) cosOi. 
Hence, by division, wo get 

tan e = cos (i - h) tan 6, + -r^^^^^^ tan v,. (51) 

The second value of tan (i is obtained by putting 0, and h 
for 0, and h in (51). 

274. ITuiaxal Crystals. — In the case of what are called 
uniaxal crystals, T'resnei's ellipsoid is a Burface of revolution. 
If we suppose c = 6 in the equation of the wave-surface (29), 
Art, 261, thnt equation becomes 

r^{a^x'' + P(p^+ s')] -fi^6^(«' + »/' + E=) - (i^6=ai" - i'(»/+ 3^) 

that is, {r' - /,=) {u^-.t' + ¥{y-- + z') - aH/] = 0. (52) 

Bat (52) is the equation of the surface composed of the 
sphere whose equation is r'^ = h^, and the ellipsoid of revo- 
lution whose semi-asis of revolution is b, and whose otlier 
semi-axis is a. 

If a> b, and Fresnel's ellipsoid is prolate, fhe ellipsoid, 
forming part of the wave-surfaoe is oblale. 
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These conditiona hold good in the case o£ a crystal of 
calcium carbonate, commonly called Iceland spar. This 
crystal ia very celebrated in the liistory of science, na 
observations of its behaviour led to the discovery of double 
refraction and of polarized light. 

The axis of revolution of Freanel's ellipsoid ia coincident 
with the line which ia called the asia of the crystal. This 
line is the axis of symmetry, and can be determined from 
the geometrical form of the crystal. 

In the case of an uniasal crystal, ail rays inside the 
crystal whose direotiona of eleetiic displacement are perpen- 
dicular to the axis are propagated witli the same velocity. 
Tliis appears from (25) by making G = B and A = ; then 
|K= + u" = 1, and V^ ■= B'. Conversely, if 

A'' cos' Si + £' sin' S = B^, 

we have {A' - B') cos'& = 0, and therefore ■& = ^- Pw 

these lays the wave-surface is a sphere. 

Again, if the wave-surface be an ellipsoid of revolution, 
since the normal to a surface of revolution meets the axis, 
the ray, the wave-normal, and the axis must be in the same 
plane ; but the plane containing the ray and the wave-normal, 
by Art. 260, contains the direction of electric displacement. 
Hence this direction is in the plane containing the ray and 
the a:!iip. 

When light passing through an isotropic medium ia 
refracted at the surface of an uniaxal crystai, one refracted 
ray is refracted in the same manner as if tlie crystal were 
isotropic, since the wave-aurfaee of this ray is a sphere. 
This ray is called, therefore, the ordinary ray. The other 
refracted ray, whose wave-surface is an ellipsoid of revolution, 
is called the extraordinary ray. 

lioth rays are polarized, and as a result of experiment it 
is said that the ordinary ray is polarized in tlie principal 
plane. By the principal plane is meant the plane passing 
through the refracted ray and the axis of the crystal. Hence 
we see again that the direction of electric displacement is 
perpendicular to the plane of polarization. 
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275. Viiiaxal Crystal. Reflexion and Refrac- 
tion. — III tlie easQ of an uniaxal crystal, since ^i = 0, 
equations (49) Ijeuome 

sill »■ cos *(^ sill (* - 1' siu^') = I\ siui'i cos*, ein 6i \ 

+ Zs (sin !'j cos ii sinSj + ein^ia tan xOi 

siiu"(/oos0 + T coaff) = iisinfi coafli + JaSiniVcos^j, I (5;i) 

eosi(Ioos6 -Tcoaff) = /, cossieosfli + JjCOSi'seos 9i,\ 

I Bin 6 + r sin 8' = I, sin 9i + 7s sin B^. J 

As an example o£ tlie use of tlieae equations, we may 
suppose Hglit to fall on the surface of an uniaxal crystal cut 
perpendicular to the as is. 

Ill this oase, since the axis of the crystal is the normal to 
the surface, the plane of incidence contains the axis and the 
wave-normal of the extraordinary ray, and, eouseqiieufcly, the 
ray itself. Hence hofch refracted rays are in the plaue of 
incidence; and, by Art. 274, we have 

C, = 0, % = |. 

AeoordiDgly, equations (53) become 

sin 8 cos i (J siQ B -■ I' sin $') \ 

= Jj(sin/jCOs/! + sin';'; tan j^j), 
siii!(/cosi9 + 7'cos0') -Jisin/,, \ (54) 

cos i{IcosO - r oQ&d') = Ii cos !„ 
lain e + /' sin r = /,. 

If we now suppose that the incident light is polarized in 
the plane of incidence, = 0; and from the first and last of 
equations (54) we have 



7s(shi! cos; + sin is oosJe + sin^/j tan x.^) = 0. 
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Since the expression by whioli I^ is multiplied cannot be 
zero, we get Jj = 0, and therefore sin ^ = 0. The second 
and third of equations (54) become, then, 

sin i (/+ /') = /, sin h, cos i{I- I') ^ I, cosj, ; 

whence we get 

27 sin i COS! = Ji sin {h -h i), S/' sin i cos i = L sin {i, - /). 

Finally, we obtain 

i,.ijl%. r.i"^^. (55) 

Sin (» + «i) Bin (t + h) 

Again, if the incident light be polurized in a plane 

perpendicular to tlie plane of incidence, S = -^, and the 

second and third of equations (54) become 

I' sin i cos tf - /[ sin v'l, - i' cos *' eos (f = T, cos i\. 

Hence we obtain /i siu (J + /i) = 0, and therefore /^ = ; 

whence also cosfl' = 0, and 0' = -^- 

ii'rom the first and last of equations (54) we have, tlien, 

siu /cos /(/-/') = Jsfsin h coa/a + sm'f'-i tan x^V / + /' = /a. 

Whence 



, sin I cos i - (sin I'j eos i^ + ein' I's tan ^j) 
sin « eos i + ein la eos h + sin'' 4 tan ^s ' 
2 sin »' cos i 
sin / COS 4 + sin h cos (a + sin' /a tan v^ ' 



(56) 



These espressiona can be put into a simpler foi'm. 

The angle ^ is t'le angle between the directions of electro- 
motive force and electric displacement, and is measured from 
the former towards the latter in the same direction as the 
line of displacement is turned in order to become the wave- 
normal. This appears from the figures and formulae of 
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Arts. 260 aud 27i. What has been said amounts to this — 
that in equations (53) ;^ is to be regarded as positive when 
the direction of the electromotive force does not lie between 
those of the displacement and the wave-normal, and conse- 
quently the my does occupy this position. In the present 
case the axis-minor of the wave-ellipse is the normal to the 
surface, and the positive angular direction is from it to the 
refracted wave-normal. The refracted ray lies farther from 
the axis than the normal, and consequently does not lie 
between tlie electric displacement and the wave-normal. 
Hence in (56) the angle xs is negative. 

An expression for tan y^_ can be found by the geometry of 
the ellipse. 




In the figure OX represents the axis of the crystal, OQ the 
line of electromotive force, OP that of electric displacement, 
01 the extraordinary wave-normitl. Then v is the angle 
QOP; but QOP-liOl, and 

^ „^^ BI HI. 01 2 triangle ROI 
Ian _ROJ = ^ = -^^ = -^~^-,— . 

Now, if p\ and ]h be the focal perpendiculars on the 
tangent, and ^i and U the intercepts on the tangent between 

their feet and the point of eontaot, -j - y, and therefore 
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but ^{pi +Pi){t\ - ii) is double the area of the triangle 
SOX, ami ^{pi —pi)(li + it) is double the area of the 
right-augled trianglo whose sides are ■\/[n' - ^0 ^^^ '» '^"'^ 
v/{«' - 6=) oos ii, the angle XOI being ii- Hence, if Of be 
denoted by p, we have 



tan nOI = - 



- J') sin 4 COS (i 



In the present oase \s ie negative, and we have 

{a' - />') sin' 'a 



sill I, (!0S ti + sin^ i, tan \-. - sin '% eos /^ I 1 — ^,— . , . , „ , . j 
"^ V a Bin' 1-1 + o' cos' la J 

If- sin Is eos jj £^ sin 4 cos d 

a" sin' !a + h' cos' k ^4^^ sin' u + ^ cos^ ("s 

Again, if F" denote the velocity of propagation in the external 
medium, 

F'sin'i; = (A^sin^H + Ji'oo&^ii) sin'*; 



B'' sin- i 



Ji' sin i, cos i. 




and 




sin/ COB! + sini'a cos (3 + siu*»j 
sins {1^005; + 




sin/ COS* - (ainj^oos^a + s 


n-(2 





F'-M'-i?)si,f. 




Bsmiyr'-A-Bin' 


. (67) 


V 
tanxa 



■By/F- 



tan )^i) 
J1-/W 



(68) 
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Aoco.-<3i.,gly, 

, , 2 F' COS ) 



(59) 



T" 008 / + _B y (F'-^' sill' 



If the ViiluG of / be such that /' = 0, tlie reflected ray, 
■when eonimon light falls on the crystal, is polarized in the 
plane of incidence. This value of * is called the polarizing 
angle of the crjBtal when cut perpendicular to its axis. 

Making /' - in (S9), we have 

V*{1 - sin=0 = -BX V - ^' 6in=0 ; 



276. Reflexion and Rerraction at Interior Surtaee 
of Crystal. — When hght passes from the interior of an 
uniasal orystal into an isotropic medium, there are, in geupral, 
two reflected rays ; and when the incident ray is an ordinary 
ray, we have 



sin /, cos h [I, sin 0, - /', sin 0',) 

+ (sjni'scosi'ssinfl'j + sin^j's tan ^'2) 7% 

= /ssiui3Cos!3Bine„ 
8in/i(l, eos0i + r, cose',) + I', shii\ cob &'., 

= I3 sin I's cos Oa, 
cos /, (/, cos Oi - I\ cos 0\) + I\ cos i'2 cos fl'j, 

= I3 cos /, oos f*,, 
/, Mn 0, -f r, sin f'l -h /'. sin e\ - I, sin 0,. 



(61) 
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When the iueident ray is au extraordinary ray, the 
equations at the refraoting surf:iee become 

(sin (j COB /a sin &s + sin^/s tan xO-^' 

+ I\ sill i'l cos i\ sin i)\ 
+ (sini's cos j'ssin d\ + sin'A tan x's) I'l 

= Is sill h cos 4 sill (Jj, 



/j sill /■; COS 61 + I', sin i', cos $', 



= /a sin ?sOOS0s, 
J3C0S (-J COS 0a + J'lCOSf', C0S(J'[ 4 /'s COS I's COS O'l 

= /j COS j's COS Oi, 

I2 sin e, + y'l sin (J'l + I\ sin S'^ - /= sin ft. 

When the crystal is cut perpendicularly to its axis, 
0,= 0', = 0, (k^e\^l- 



(62) 



In this case, the first and last of equations (61) hecon)^ 
(sill i's OS i'a ■* siii'f'a tan x'O ^'a = .^j Sii'i "3 sin ^ cos /j, 
/', = /, sine.. 
Hence 

Is sin 05 { sin 4 cos «3 - (sin i'l cos j's + sin^ ("3 tan x'^*) ) = i 

but tlie multiplier of il, sinSa in this equation is not, ii 
general, zero, and fherefore we havo 



Consequently tlieie is no extraordinary reliected ray, and tlie 
refracted ray is polarized in tlie plane of incidence. l'"rom tlie 
second and third of equations (61) we then obtain 






(63) 
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If the ray incident on the interior surface of the crystal 
■bH the extraoriiinary ray, and the crystal, as before, be cut 
perpendicularly to its axis, since all the rays and wavc- 
■normals are in the plane of incidence which cats the wave- 
ellipsoid in an ellipse whose axis-minor is the axis of the 
crystal and also the normal to the surface, we have 



wlienee 
siu i'l cost's + siu'f'j tan;)^'^ = - (sin ('icosj'j + siu'/s tim;^,). 

In this ease, tlie second and third of equations (62j heconie 
/', sin i\ = li sin i^ cos ^j, I\ cos j'l = /g cos i'j cos 63, 

whence /^ eos 63 sin (73 - i"i) - ; but sin(«'3 - e'l) cannot be 
zero, and therefore cos ^3 = 0, and J'l = 0. Conseqiifiifly, 
there is no ordinary reflected ray, and the refracted ray is 
polarized in a plane perpendionlar to the plane of incidence. 
The first and last of eqnatioiis (62) uow become 

(sintjCOSN + sin^f's tan)(^)(4- 2';) = /j sin /a cos f'^, 

Ii + I\ = u 

iJeiioe 

_ sin 4 ooa h + sin't; tan j^, - sin h ooa h 
' siufjeosij + siu^/jtanx, + sin is 00s !a' 



I^ =h 



^(sjn i'a cos H + sin'!; tan ^a) 
' sin i-i cos (s -1- sin'/s tau \^ + sin u cos it 



By reductions sinnlar tn those effeclpti in the ease of 
■equations (56) we gi4 



ify(F-,'-^=sin'/3)- r.^cas/3 
' '■ ' tW{ F»= - A' sin' (3) + V,' cos /, 

' B^(V,'-A' sm'U) + PV cos I, 



(M) 
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If an uniaxal crystal, bounded by faces parallel to each 
other aud perpendicular to the axis, be placed iu an isotropic 
medium, and a ray of light polarized iu a plane perpendicular 
to the plane of incidence be transmitted throiigli the crystal, 
the incident and emergent rays are parallel, aud the plane of 
polariziition remains unchanged. Then /> = /, and in virlue 
of equations (59) equations (64) become 

2r'{ gy(r'-^'ainH-)-F'cos!ic ost > 
4F' -gy(F^-^'Eii!=0<3OSi [ 

When the incident ray falls on the first surface of llie 
cryslal at the polarizing angle, we have 

r = 0, i'l, = 0, and /, = /, = /. 

Ill tiiis case, the incident liglit passes through the crystal 
unclmngeii in infensity, direction of dectiic disphicement, 
and direction of propagnti(m, 

277. Singularities of tlie U'ave-Surface. — Tlie 
■equation of tlie wave-surface, Art. 26J, may he put in 
the form 

<»v + sy + 'V - »■»')(»■ + !/-+>•- *■) - («■ - »■)(»" - C-) J- - 0. 

From tliis equation it appears that if tlie point of interseclion 
■of the tiiree euriaces 

n V + hY + c's' - ft'c' = 0, x'^y'' + z'-}f = 0, .-/ = 

Toe taken as origin, the lowest terms in the equation of the 
wave-stiiiaee are of tlie second degree, and therefore I hat the 
origin is a double point on the wnve-surfaoe at wliiijli there 
is a tangent cone of the second degree. 
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If we seok for tlie ooordinates of the points of interseotion 
of tlie three surfaces, we have 

wheiiOB we obtain for the coordinates of the point tlie 
ex pie ssi oil 3 

'■ = ^ ;;rr7 ■ y ^^> ^ " ^^t^> ■ (^^^ 

The equation of the circular sections of Fresnel's ellipsoid 
is 



whence, if w,, m,, and t^j denote the direction- cosines of the 
perpendicular to a plane of circular section, we iiave 



From (66) and (67) it appears that a singular point on 
the wave-surface is on a perpendicular to the plane of a. 
circular section of Fresnel's ellipsoid at a distance b from 
the origin. 

The exisleuee of sucli points follows readily from the mode 
o( generation of the wave-surface described in Art. 260. From 
thence it appears that the perpendicular to each section of 
Fresnel's ellipsoid meets tlie wave-surface in two points wiiose 
distances I'rora the centre are equal to the principal semi-axes 
of the section. 

If the section be circular, every axis is a principal a.vis, 
and all the corresponding points on the wave-surface coalesce 
into one. 

The perpendiculars on the corresponding tan gent- planes 
of the ellipsoid are, however, not in the same plane; and tlius 
eonesponding to the one ray going from the centre to Ih© 
singular point there are an infinite number of wave-fnmis, 
that is, an infinite number of tan gent -planes to the wave- 
surface meeting at tlic singular point. 
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As tlie wave-normals and velocities of propagation are 
difEerent for these fronts, wlien the ray reaches the surfaoG 
of the crystal it is refracted into an infinite number of rays, 
forming a cone, and the phenomenon exhibited is termed 
conical refraction. 

From the consideration of the ellipsoid reciprooal to 
Presiiel's ellipsoid, it is easy to see that the wave-surface 
must possess singnlarities of another kind in addition to 
those mentioned above. 

From Art. 260, it appears that t)ie perpendionlar to each 
section of the reciprocal ellipsoid is perj)eudiculai' to two 
tan gel it- planes of the wave- surface, and meets them iu points 
whose distances from the centre are the reciprocals of the 
semi-ases of the section. If the section be a circular section, 
every axis is a principal axis, and all the coiTespouding feet 
of perpendiculars ou tangent-planes to the wave-surface 
coalesce into one. 

'i'lie central radii of the reciprocal ellipsoid are co-direc- 
tional with perpeudiculai'S ou tan gent- planes of Fresnel'e 
ellipsoid, which are the reciprocals of the radii, so that all 
tho perpendiculars to tan gent -planes of Fresnel's ellipsoid 
whicli lie iu a circular section of tlie reciprocal ellipsoid are 
■equal to the mean semi-axis of Fresnel's ellipsoid, and corre- 
spond to a single tangent-plane to the wave-surface. The 
■corresponding radii of Fresnel's ellipsoid do not, however, lie 
iu the same plane, and are uot equal, so that there are an 
infinite number of rays corresponding to the same wave-front 
wliicli must therefore touch the wave-surfaee all along a curve. 
To find the nature of this curve, we may proceed thus. 

Let 7) denote the length of the central perpendicular ou a 
taugeut-plane of Fresnel's ellipsoid, and a, (i, y its direction- 
angles. 

if j) lie in the circular section of the reciprocal ellipsoid, 
\we have p = b, and therefore 

n'' cos^a + Ji" cos'/3 + c'cos^-y = i'feos'a + cos'/3 + co&^y) ; 
tliat is, (rt^-fi') cos'n- (6'-c=) cos=7 = 0. 

Also, coa^a + aoB^y = 6iu'/3 ; 

whence eos'^a = -^ j; siu';3, co/y = -j— j sin'/3 (6^) 
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Let r denote the central radius of Fresnel's ellipsoid to the 
lint of contact of the tan gent -plane perpendicular to p, then 



and if p denotes the distance of this point of contact from 
tlie foot of the perpendicular, p' = i'' - j)'. In the present 
case, p = h, and we have 

J a* cos' (I + i' cos' /3 + v' cos' y - 5' 



(((* - i') oos" n - {b' - ';') cos' y 



Suhstitutiiig for coa'a and eos^y their values from (68), we get 

It is plain, from the construction in Art. 260, that p is 
the distance from the foot of the perpendicular on the tangent- 
plane to the wave-surface to its point of contact, and that tliis 
distance is parallel to the corresponding direction of displace- 
ment in the wave-plane. In the present case the wave-plane 
contains the axis of p, and j3 is the angle which the electric 
displacement makes with this axis. Hence j3 is the angle 
whicli the line from the foot of the perpendicular to the 
point of contact of the wave-front with the wave-surface 
makes with a parallel to the axis of 1/ in tiie wave-front.. 

Accordingly, 

^.•EIS»E3,i„ft (69, 

is the equation of the curve along whicli the wave-front 
touches the wave-surface. This curve is therefore a circle 
whicli touches the parallel to the asis of y at the foot of the 
perpendicular from the centre, and whose diameter is denoted 
by the expression 
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Corresponding; to the wave-plane we liave been considering, 
there are an infinite number of rays whioli meet tho wave- 
front along its circle of contnot with the wave-surfaee. All 
these rays have the same wave-normal, and are prop; 
with the same normal velocity. Hence, when they s 
fracted at the surface of the crystal, tlie emergent rays are 
parallel and form a cylinder. Unless the wave-normal be 
normal to the surface, the section of this cylinder made by 
the plane bounding the crystal is an ellipse. 

The remarkable phenomena described above were foretold 
by Hamilton as consequences of properties of ]Presners wave- 
surface discovered by him. They were realized experimentally, 
first by Lloyd, and long afterwards by Fitzgerald. 

278. Total Reflexion.— When light passes from a denser 

into a rarer medium, if the angle of incidence exceed sin"' -, 

where ^ denotes the relative index of refraction of the media, 
there is no refracted ray. In fact, under these circum stances,. 
a refracted wave-plane is impossible, as it would in the case 
of an isotropic meilium, be a tangent-plane to a sphere drawn 
through a line lying inside the sphere. If both media be 
isotropic, equations (43) seem impossible to satisfy; for, if 
we suppose I\ zero, these equations cannot be satisfied unless 
we make I and V each zero. 

Mathematically it is possible to give a solution of equa- 
tions (43), which in its final result is physically satisfactory; 
but it seems impossible to obtain a sound physical basis for 
the equations themselves. 

The mathematical solution is as follows :— Assume 
I) = ae-'*>, ]y = !x'e-"p', Bi = ai e-'f^, 

where i = -/'- 1 , and '^ = y- [Vi - (p^ mij -f uz) | , 

then the dillorentiul equations of wave-propiigatiou are 
satisfied, and D, &c., are periodic. 
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If we Tiow suppose the inoideEfc light poUrized in the 
]ilaiie of incidence, since 

F, 1 r 1 , 

-:—-—, ^i-= -, ana ri = t, 
A) Ti A r 

lit tiie origia, where x, y, and s are all zavo, we iiave 

= ^' = ^, = ^„; 
and as pr[uafcions (43) matbematieally hold gooil, we have 
sin !i cos* - cos t'l sin 4 
sin Vi cos ( + 008 «i sin i 
But sin !i = fi sin /, cos ii = i \/(ft^ sm'i - 1), 

-and therefore 

I' fi sin i cos i — i siu ; i/(,u' sin^ ( - 1) _ 1^ i tan t 
I " fi sin »■ cos i +T"Bin s v^ (/ sin= i - 1) ~ 1 + * t.in e 

= (cos g + ( sm 6j"^ = e'^'^, where tan e = ■ ; — r ■ 

fTence D' = a^'^''^-'*' = ae-'('i''+^'), 

and, accordingly, the intensity of the reflected light is eqniil 
■I tliat of the incident ; but its phase is increased by 'ie. 
Again, 

and since the axis of x is normal to the surface separating 
the media, and the axis of z perpendicular to the plane of 
incidoni^e, we have 

?! = cos !, = I •v/(/«' sii'*' - 1). '«i = /^ sin i, «i = 0, 

A - a,r* - ..eir ''»'■»•'-')" .-T? """""■'"■' 

2:r^V(^^6mH-l) 2'*,^, . ,, 
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In this expreeeion, the power of e whose index is real is 
not periodic ; and since Xi is very small when x ia of sensible, 
magnitude, this factor tends to become very small. Hence 
at any sensible distance from the boundary Di is very small, 
and there is no visible refracted ray. 

In other cases of total reflexion a similar mode of treat- 
ment may he emploj'ed. The results obtained above satisfy 
the mathematical conditions holding good when the reflexion 
is not total, and the final result is consistent with the obseryed 
phenomena ; but the whole investigation can scarcely be 
regarded as having any physical validity. 

279. Absoriitioii of lilght. — When a medium is not a 
perfect insulator, an electromotive force produces not only a 
change of electric displacement but also a condnction-eurrent. 

If C be the electric couduetibility of the medium, the 
resistance ol an element of unit section parallel to the axis 

of ir is -^ , and the electromotive force for this element is 

Xdx. Hence, if n denote the intensity of the conduction- 
current parallel to x, we have /i = CX 

The total current is made up of the conduction-current 
and that due to a change of the electric displacement ; 
accordingly, we have 

Aw ■ iwO 

and as X = -y^f, we obtain u =/+ —j^f- 

Substituting for u in terms of the components of magnetic 
force, and for the latter iu terras of those of displacement, by 
means of equations (13), (16), and (11), we get 

The last term in this equation is zero; and if we take 
the normal to the plane of the wave as the axis of s, the 
displacement / is a function of s only, and (71) becomes 

<^/ 47rO #^_^ rfy ™^ 

dt' K dt T^K dz^' ^ •' 
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If U denote tlie velocity of wave-propagation wlien tliere 



and putting jtwC = k, wo ge 
4:7 C 



Thus (72) 



f.ttl^.f.^SC. (73) 



To Bolve tliis equation, we may a 

/.a..C'— ), 

wliere /-—; 2ct 

I = \/ - i., H = - — , 

and m is a quantity to be determined so as to satisfy (73). 
We have, then, 

*^'^*'^' =^-4/..^ (74) 

m - g - ip, tlien 



Eliminating q, we get 



4.±j{g-..4wj 
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Ae^ is real, jf must be positive, and therefore 

Here k is of the same order as C, which is of the order 



eoeffioient depending on and on the unita selected, r the 
time of vibration in the wave of light, and 5'the unit of time- 
In order that C should have any sensible magnitude, ^ must 



be enormously great 

small quantity, wlioBe square may be neglected in the 

expansion of the square root, and we have 



2n' 

Substituting q- ip for m, we get 

/■=»,-.■,.(■'-..). (75) 

As the wave is advancing in the direction of s positive, 
q is positive; and since pq is positive, p must be positive. 
Hence 

;, = 2kU = StT^jCP, (76) 

also 



5 = - 



and 



2k>t ^ _ 27r 



..irJ^'-'). 
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It follows, from the expression obtained for f, tliat the 
velocity of wave-propagatioa is TJ, aud is therefore unaltered 
by absorption. In consequence of the factor e"^', the amplitude 
of / diminishes as s increases. Since p varies as C, unless 
be very email, the amplitude of / diminishes rapidly, and the 
medium is practically opaque. 

280.'Electi'O8tatic and Electromagnetic Measure. — 

The reader of the foregoing pages may liave been struck by 
an apparent inconsistency between the present Chapter and 
Chapter XI. 

In Chapter XT. the specific inductive capacity k is of the 
nature of a numerioa] quantity. In tlie present Chapter, the 
specific inductive capacity ff is regarded as the reciprocal o£ 
the square of a velocity. The apparent inconsistency results 
from the fact that in Chapter XI. the various quantities are 
supposed to he expressed iu electrostatic measure, whereas in 
the present Chapter they are supposed to he expressed in 
electromagnetic. 

We must consider the hypotheses on wliich the two modes 
of measurement are based, and how it is tliat in reference to 
space, time, and mechanical force, the expression for the same 
physical quality of a body is in one mode of expression a 
quantity of a nature different from what it is in the other. 

Ijot e and E denote quantities of electricity expressed in 
electrostatic and electromagnetic measure, X and 3£ the corre- 
sponding electromotive intensities, and / and f the displace- 
ments. Let L denote a linear magnitude, and T a portion 
of time, and let ue use the symbol = to mean that two 
expressions denote quantities of the same nature. 

Electrostatic measure is based on the assumption that the 
product of two quantities of electricity divided by tlie square 

of a line denotes a mechanical force, that is, — = mechanical 
force. ^ 

Electromagnetic measui'e is based on the assumption that 
the product of tlie strengths of two magnetic poles divided 
by the square of a line denotes a mechanical force, that is, 
if m denote the strength of a magnetic pole, 
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Again, / denoting tlie strength of a cnrrent, E~7X; but 
'"Ji where^denotes the strength of a magnetic shell, and 
;L' = magnetic moment = niL ; wlience 



The eleetromotive intensity multiplied by a quantity 
of electricity denotes in either system of measurement a 
mechanical force ; accordingly, eX = E^ ; but 



and therefore 

7'o 7'' 1 

where J^ denotes a velocity. Tlius A: is a numerical quantity, 
but K the reciprocal of the square oE a velocity. 

The magnitude of the unit of electricity differs very much 
in tlie two systems of measurement. 

In the electromagnetic system, two units at the unit of 
distance apart act on each other with the unit foroe. 

Ill the electromagnetic system, two raagnet-poles of unit 
strength, at the unit distance apart, act on each other with 
the unit force. 

A circular current of unit strength acts on a unit magnet- 
pole at its centre with a force which is 2t times the unit of 
force, provided the radius of the circle be of unit length. 

The quantity of electricity which passes tlirough a section 
of this circuit in the unit of time is the unit quantity of 
electricity expressed in electromagnetic measure. 

The quantity of electricity contained in the electro- 
magnetic unit is n times the quantity contained in the 
electrostatic. 
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If, then, E and e denote the same absolute quantity of 
electricity expressed, one in eiectromagnetio, the other in 
electrostatic unite, and if L and T denote the units of length 
and of time, we have 

„ 1 T 



but E^ = eX, where 3£ and X denote the electromotive 
force corresponding to the quantity of electricity denoted 
by E and e ; ■whence 



J^ _ ,X^ I 

K ~ '" T' k ' 

When the seoond and centimetre are taken as the units 
of time and length, 

H = 'A X 10'° approximately. 
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NOTE ON THOMSON AND DIEICHLET'S THEOREM, 
Article 70. 

Wheu the number of giten surfaces is reduced to one, 
this theorem is proved by Q-auss in the following manner ; — 

(1) On a given surface B a homogeneous distribution of 
a given quantity of mass is always possible, euoh that J" Vad8 
is a minimum. For this distribution, F"i8 constant for all 
occupied parts of the surface, and there is no part unoooupied. 

If r denote the longest distance between any two points 
of B, and M. the total mass, it is obvious that at any point 

of S the potential cannot be less than — , since the distri- 

bution is homogeneous, that is, composed of mass having 
everywhere the same algebraical sign. Hence f VadS cannot 

Consequently / VadS cannot be diminished without limit, 
and tliere must be a distribution siioh that / VadS cannot be 
made less. In this distribution F" must be constant. For, if 
for an occupied portion Si of the surface, Vi be everywhere 
greater than A, and for another eqcal portion 2i of the 
surface V^ be everywhere less than A, at each point of 2i 
let Sa = - V, and at each point of S5 let Ba = + v, then the 
total mass remains unaltered, and 

8 J VadS = J VBadS + I g VadS = 2 j VSmtS 

= -2v/(r, - V,)d8, 

since BV is the distribution resulting' from Sa, and therefore, 
by Art. 51, we have 

jSVadS ^ iV^^dS. 
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Accordingly, J VadS has received a variation wliieh is 
essentially negative, and consequently cannot be a minimum 
for the distribution v. Hence, when the integral is a mini- 
mum, Via constant for the occupied part of the surface. If 
there were a part unoccupied by Art, 66, F^ would be less for 
this part than for the occupied part, and hence as before the 
integral could be made less. Accordingly, in the distribution 
for which jVadS is least, there is no part of the surface 
unoccupied. 

(2) If C be a given function of tlie coordinates, a 
homogeneous distribution of given mass over S is possible, 
auch that | ( V- 2 U) adS is a minimum. For this distri- 
bution V- if is constant for all occupied portions of the 
surface. 

If V be the largest value of U on S, it is clear that 
/ ( r- 3 F) <jd8 camiot be less than 

and therefore that tliere miist be a distribution such that 
\{V- 2U)ad8 cannot be made less. For this distribution 
V- V is constant at all occupied parts of the surface. 

Let W=l(r-2U)<:dS, then 

air=|SFWS + /(F-2Cr)SffrfS = 2/(F- U)i^dS. 

If V- P'he greater than A at every point of an occupied 
portion of surface 2,, and less than A at every point of an 
equal portion ^j of surface, as in (1), 8JF eau be made 
negative, aud therefore W cannot be the least possible. 

In this case, if part of the surface S be unoccupied, 
V- U may be greater on this part than it is on the occu- 
pied part, and therefore in this case we cannot show that the 
whole surface must be occupied. 

(3) Suppose now three distributions of mass on S. 

1. A distribution whose surface-density is ag and potential 
Fi, such that / V<jd8 is the least possible, the total mass 
being 31. 
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2. A distribution whose surface-density is <ri and potential 
Fi, such that \ (V - Ui(T) adS is the least possible, the 
total mass being M, and e being a given oonsttint. 

3. A distribution whose density is a^, and potential Vt, 
such that 



then the total mass is zero, and 



but this ia constant for all parts of the surface occupied by ui- 
If s be diminished without limit, the distribution ij 

passes into ao, and in this case there is no finite portion 

of tlie surface S left unoccupied. 

Hence, when s is diminished without limit, Vt - U is 

constant for the wliole sui'faee 8. 

Let us now superpose on a, the distribution whose density 

is ffliTi), where a ia constant. Tlien 

r- a F„ + v.. and K - ?7= « n + K, - U. 

By a proper determination of a the right-hand member of 
this equation can be made zero at all points of S. 

Accordingly for a single surface Thomson and Diriclilet's 
Theorem is proved. 

This theorem in its most general form can readily be 
deduced from the properties of fluid motion. 

Suppose that the given surfaces S„ S^, &e., are sur- 
rounded by liquid, or incompressible fluid, of unit density, 
extending to infinity. Apply to the liquid at each surface 
an impulsive pressure which at each surface is equal to the 
given value of Thomson's function for that surface. The 
liquid begins to move irrotationally, and the velocity potential 
of the motion is the same as the impulsive pressure, and is 
equal at each surface to the given value of Thomson's 
function, and satisfies Laplace's equation for the whole of 
space. 
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Thus the truth of Thomson and Diriohlet's I'heorom is 
established. 

It is eEisy to show from Gireeii's theorem that, if there be 
a given quantity of mass on each of a number of surfaces, 
this mass may be bo distributed that the potential shall be 
constant over each surface. 

Let 2W='SlV'jd8. Then 






dv dv j ]\\dxj \ dy j \d% j 

Hence W is essentially positive, and cannot therefore be 
diminished -without limit, and there must be a distribution of 
mass such that Weannot be made less. For this distribution 
Y must be constant for each surface. For if V be not con- 
staut, W may be made to receive a variation which is negative 
by transferring positive mass from points on the surface where 
Fis greater than A to points where it is less than A. In this 
case it is not necessary that the part of the surface from which 
the transfer is made should be occupied. On the other hand, 
if V be constant for eaeli surface, any change of distribution 
increases W. For, let v be the change in V, then 

J \ dv dv j J dv 

where the surface -integrals are to be taken over both sides 
of the surfaces ; but aa Fis constant for each surface, and 

- dii zero, 
since the total mass is constant, we have 



f- 






-m- 



iQ V'^ = thToughout the field, Henoe the change in W 
jsentially positive, and Wis. least when Fis constant over 
1 surface. 
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The property of the potential made use of in (1) to ebow 
that the whole surface must be occupied is perhaps more 
readily established by the method of Gauss than by that 
employed in Art. 66, 

G-auss's method is as follows : — 

If there be no mass outside a surface S ou whioli the 
potential is everywhere positive, its value at a poiut 0, 
outside S, is positive, and less than A its greatest value on 8. 

For if the potential P at be greater than A, draw 
lines in all directions from ; they meet the surface S or go 
to infinity, and the potential on any one of them passes from 
P to ^, or to some value less than A. Hence on every line 
there ia a point at which tlie value of the potential is B, 
lying between P and A. All these points form a closed 
surface at which tlie potential is constant ; and as there is no 
mass inside it, the potential has the same value througliout 
the interior of the surface, Art, 61. Hence the value of the 
potential at is £, and cannot consequently be P as was 
supposed. If P were negative, we could show in liise 
manner that the potential at must lie between P and zero, 
and could not therefore have the supposed value. 

Again, the potential at cannot be A or zero. For if it 
has eitiier ot these values, desoiibe a spliere round as centre. 
At no point of the surface of this sphere can the potential 
be greater than A or less than zero. Hence its mean value 
on this surface cannot be A or zero, unless it have this value 
for the whole surface of the sphere, in which case it would 
have the same value for the wliole of space external to S, 
which is impossible. 

If the potential be everywhere negative on the surface S, 
its value at a point outside S is negative, and less in 
absolute magnitude than its greatest negative value on S. 
This is proved in a manner precisely similar to that adopted 
in the case of the positive potential. 
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